Intertemporal Asset Allocation: a
Comparison of Methods:
by
Jérome Detemple, René Garcia and Marcel Rindisbacher**

Prepared for the Issue on
“8 Decades of Continuous Time Finance”
of the
Journal of Banking and Finance.

Abstract

This paper compares two recent Monte Carlo methods advocated for the compu-
tation of optimal portfolio rules. The candidate methods are the approach based on
Monte Carlo with Malliavin Derivatives (MCMD) proposed by Detemple, Garcia and
Rindisbacher (2003) and the approach based on Monte Carlo with Regression (MCR)
of Brandt, Goyal, Santa-Clara and Stroud (2003). Our comparisons are carried out
in the context of various intertemporal portfolio choice problems with two assets, a
risky asset and a riskless asset, and different configurations of the state variables. The
specifications studied include a linear model with a single state variable admitting
an exact solution and a non-linear model with two state variables that requires a
purely numerical resolution. The accuracies of the candidate methods are compared.
We provide, in particular, efficiency plots displaying the speed-accuracy trade-off for
various selections of the relevant simulation and discretization parameters. MCMD
is shown to dominate in all the settings considered.

JEL Classification: G11.

Keywords: Asset allocation, Monte Carlo methods, Malliavin derivatives, Regres-
sion method.

* Detemple is affiliated with Boston University School of Management and CIRANO,
Garcia with Université de Montréal, CIRANO and CIREQ, and Rindisbacher with the
Rotman School of Management of the University of Toronto and CIRANO. Excellent
research assistance was provided by Marc Boucher. We thank MITACS for financial
support. The second author is grateful to Hydro-Quebec and the Bank of Canada
for financial support.

“* Correspondence: Jérome Detemple, Boston University School of Management, 595
Commonwealth ave., Boston, MA, 02215. Tel: (617) 353-4297. Fax: (617) 353-6667.
Email: detemple@bu.edu.



1 Introduction

Asset allocation, in recent years, has become a topic of intense interest for academics
and practitioners of finance. Partly fueling this interest has been the development
of theoretical and numerical methods bringing elegant, but abstract models, in the
realm of practical applications. The availability of this technology has made it pos-
sible to implement realistic models with large numbers of assets and state variables.
This paper provides a detailed review of the most versatile methodology available,
based on the Malliavin calculus. The implementation of this methodology in the
context of asset allocation problems was initially carried out by Detemple, Garcia
and Rindisbacher (2003). This paper will provide further insights into their Monte
Carlo with Malliavin Derivatives (MCMD) method and, in particular, will provide
additional results relating to its performance. For this purpose, we review another
recent approach, the Monte Carlo Regression (MCR) approach of Brandt, Goyal,
Santa-Clara and Stroud (2003). A comparative study will be conducted to document
the performances of the two candidate methods. This comparison will provide further
evidence of the dominance of the MCMD method.

The traditional approach to asset allocation relies on the mean-variance analysis
of Markowitz (1952). The central idea is the notion that higher risk warrants a
higher average return. The optimal portfolio trades off these aspects and results in
an allocation which is ex-ante mean-variance optimal. This static approach is simple
and intuitive and has had enormous practical and professional impact. Even today, it
is still driving part of the academic research. It also underlies a vast majority of the
products offered by financial intermediaries, as well as the advice provided by many
financial planners.

Modern asset allocation theory, however, has long recognized the shortcomings of
the mean-variance approach. One obvious element is that the static formulation of
this theory does not capture the essence of the problem as investors are often faced
with long horizons and changing financial markets. That is, it fails to capture the
dynamic aspect of the problem. The breakthrough contribution of Merton (1971)
lays the foundation for dynamic portfolio choice. The central idea is based on the
observation that means and variances of asset returns do not stay constant over time,
but change in response to economic and business conditions. This simple remark
suggests the need to design investment strategies that take advantage of these fluctu-
ations by limiting their welfare-reducing effects. Practically, investors should modify
the mean-variance allocation so as to hedge against fluctuations in the opportunity
set. Optimal portfolios are therefore composed of a standard, mean-variance compo-
nent, as well as of intertemporal hedging components that provide insurance against
shocks to return moments.

Yet, in spite of the appeal and the elegance of Merton’s ideas, implementation has
lagged. One has to wait the mid 90’s for an application, by Brennan, Schwartz and
Lagnado (1996), in a non-trivial context with four assets and four state variables.



Their implementation applies numerical methods to solve the second-order partial
differential equation (PDE) that characterizes the value function for the dynamic
portfolio problem. In spite of the relatively simple nature of their setting the resulting
portfolio rule displays striking variations, as it jumps from 0% to 100% of wealth in
stocks, following small changes in the underlying variables.!

In order to bypass the difficulties encountered in PDE-based implementations of
the model, Detemple, Garcia and Rindisbacher (2003) - hereafter DGR - propose a
Monte Carlo method that relies on several advances in financial economics achieved
during the last two decades.? The first of these is the application of the risk neutral-
ization procedure (see Cox and Ross (1976), Harrison and Kreps (1979), Harrison and
Pliska (1981)) to consumption-portfolio choice models. This development, pioneered
by Pliska (1986), Karatzas, Lehoczky and Shreve (1987) and Cox and Huang (1989),
led to the resolution of consumption-portfolio problems in settings with complete
markets and von Neumann-Morgenstern time separable preferences. Specifically, the
approach permits a closed-form solution for the optimal consumption rate and its
associated wealth process.> The second innovation is the application of the Malli-
avin Calculus, i.e. the stochastic calculus of variations, in order to derive an explicit
formula for the financing portfolio. This contribution, due to Ocone and Karatzas
(1991), expresses the optimal portfolio as the expected value of a functional that de-
pends on the Malliavin derivatives of the coefficients of the model, namely the interest
rate and the market price of risk. To the non-expert the formula appears somewhat
abstract as it is derived in the context of models with Ito price processes and unspec-
ified adapted coefficients. For implementation DGR (2003) focus on a more parsi-
monious structure with a finite, but arbitrarily large, number of diffusion processes.
In this context Malliavin derivatives can be characterized as solutions of stochastic
differential equations. This, along with the representation of portfolios as expected
values, suggests the use of Monte Carlo simulation for computation purposes. DGR
develop this simulation-based approach and apply it to various market and preference
structures. They also evaluate its performance against finite-difference PDE methods
and against the Monte Carlo Covariation method of Cvitanic, Goukasian and Zap-
atero (2003). Their results show that MCMD fares better in terms of accuracy and
speed of computation.

This paper reviews the fundamentals of the approach advocated by DGR and

IThis feature may be due to instabilities associated with the PDE method employed. The
non-linearity of the equation, the infinite natural domain of the state variables and the absence
of natural boundary conditions when the domain is truncated may be factors contributing to the
unstable behavior of the solution.

2Numerical methods for PDEs also suffer from the curse of dimensionality and can only deal
with low dimensional problems. Monte Carlo methods, on the other hand, can be employed for
large dimensional systems.

3As Cox and Huang (1989) point out, the optimal portfolio can also be characterized as the
solution to a “simplified” PDE depending of the state price density. Tests carried out by DGR
(2003) show that finite difference methods applied to this equation are dominated by MCMD.



provides complementary results about its performance. Another method, proposed
recently for portfolio computation in dynamic settings, is the simulation-regression
approach of Brandt, Goyal, Santa-Clara and Stroud (2003). The Monte Carlo re-
gression approach replaces the value function satisfying the Bellman equation by a
Taylor approximation. The optimal portfolio for the optimization problem based on
this approximation can be expressed in terms of conditional moments of the future
value function and of the returns. A backward resolution procedure, combined with a
regression approach, is then used to compute these moments. The resulting portfolio
value is an approximation to the optimal portfolio in the original problem.

A comparison of the candidate methods is performed in the context of two models.
The first model has a single state variable, the market price of risk, that follows an
Ornstein-Uhlenbeck process. A closed-form solution is provided by Wachter (2002)
for the case of von Neumann-Morgenstern (vNM) preferences with constant relative
risk aversion. The availability of an explicit solution provides a benchmark true value
that is easy to compute and renders the model particularly attractive for comparison
of different numerical approaches. The second model is the non-linear model with
two state variables developed by DGR (2003). Although the true portfolio value is
not available it can be calculated by any convergent method, such as MCMD, using
a sufficiently large number of replications and discretization points. Computation, in
this case, is time intensive. Both models have von Neumann-Morgenstern preferences
with constant relative risk aversion.

Our results document the respective properties of the candidate methods. Broadly
speaking these results establish the dominance of MCMD over MCR. This latter
method exhibits a varying degree of performance depending on the context. In the
Ornstein-Uhlenbeck model of Wachter, calibrated to the data, it has substantial rela-
tive errors for certain parameter configurations. Accuracy seems to improve in mod-
els, such as the non-linear model with two state variables of DGR (2003), in which
the distribution of future state variables is not too disperse. Nevertheless, efficiency
studies in both of these settings show that it is dominated by MCMD by a factor of
10 or better (i.e. MCMD provides estimates at least 10 times more accurate for a
given budget of computation time).

Section 2 describes the consumption-portfolio choice problem in a general model
with complete markets and diffusive prices, and solves for optimal consumption. Sec-
tion 3 details the optimal portfolio policy. The first part of that section provides a
simple review of principles of Malliavin calculus geared towards applications in fi-
nance. The second part details the portfolio policy and discusses its structure and
properties. Section 4 addresses computational matters and explains the numerical
implementation of MCMD and MCR. Section 5 performs several comparative studies
to evaluate the two candidate methods. Comparisons are carried out in the con-
text of a model with a single state variable admitting a closed-form solution and a
model with a pair of state variables requiring a numerical resolution. Conclusions are
formulated in section 6. An appendix contains the proofs of some of the results.



2 The economic model

We formulate a consumption-portfolio model a la Merton (1971). The investor oper-
ates in a frictionless financial market in which asset prices and state variables follow
a joint diffusion process. The investor has a finite planning horizon [0, T7].

2.1 The financial market

The financial market has d risky assets (stocks and bonds) and one riskless asset.
The price of risky asset ¢, i = 1, ..., d, is given by

dSy = Syt [(1:(t, ) — 0:(t,Yy)) dt + o4(t, Y,)dW,] (1)

where p; is the drift, ¢; the dividend yield and o; the 1 x d vector of volatility
coefficients. These coefficients depend on a k x 1 vector of state variables Y =
(Y1, ..., Yy). The riskless asset pays interest at the rate r(¢,Y;), which also depends
on the state variables. For notational convenience we will write p; for the d x 1
vector of expected risky asset returns at date ¢ and o, for the d x d matrix of return
volatilities. Similarly we will write r, for the interest rate. We assume that o is
invertible at all times (i.e. the market is complete).

The price system described above uniquely induces the d-dimensional vector of
market prices of risk 8, = (Ay,...,04)" defined by 6, = o, (y; — 1) where 1 =
(1,...,1)" is the d-dimensional vector of ones. This vector captures the premia implic-
itly assigned by the financial market to the various sources of uncertainty affecting the
economy, i.e. the Brownian motions. Thus, W; carries a premium 6;; at time ¢. The
associated state price density (SPD) is &, = exp (— [ (rs + 36.05) ds — [ 6.dW).
This state price density is the stochastic discount factor used to value any asset with
cash flows contingent on the sources of uncertainty W.

2.2 State variables

The k state variables Y = (Y7, ..., Y})" affect the opportunity set, i.e. the means and
variances of asset returns and the riskfree rate. The market prices of risk and the in-
terest rate can be chosen as state variables (by setting Yy =randY; =60;,7 =1,...,d).
Additional state variables may include dividend-price ratios, firm sizes, revenues, and
other factors needed to describe returns. The evolution of state variables is given by

dY, = ¥ (t,Y,)dt + ¥ (t,Y;)dW, (2)

where 1Y (¢,Y;) is the k X 1 vector of drift coefficients and o (¢,V;) is a k x d matrix
of volatility coefficients.



2.3 Consumption, portfolios and wealth

In this setting the investor consumes and invests in assets. Wealth is the value of
assets, i.e. of the portfolio held. Let X; denote wealth at time ¢. If 7; is the d x 1 vector
of proportions of wealth invested in the risky assets (hence 1 — 7;1 is the proportion
invested in the riskless asset) and ¢; the amount withdrawn from the portfolio for
consumption then wealth evolves according to

dXt = (Xtrt — Ct) dt + Xtﬂ'; [(,ut — Ttl) dt -+ O'tth] (3)

subject to some initial value x.

2.4 Preferences

We consider investors with time-separable von Neumann-Morgenstern preferences
who care about intermediate consumption as well as terminal wealth. A consumption-
terminal wealth plan (¢, X7) is ranked according to the expected utility criterion

max E [/OTu(cv, v)dv + U(Xr, T)]| . (4)

The utility functions w and U are assumed to be strictly increasing, strictly concave
and differentiable. To simplify matters we assume that the utility functions satisfy
the Inada conditions lim._qu'(c,t) = limx_oU'(X,T) = oo and lim._ v/ (¢, t) =
limyx .., U'(X,T) =0, where u(¢c,t) = du(c,t)/Oc and U'(X,T) =0U(X,T)/0X.

2.5 The dynamic consumption-portfolio choice problem

The investor’s objective is to maximize preferences
T
max E l / w(cyv)dv + U(Xr, T) (5)
0

with respect to (¢, m, X7) subject to the following constraints

dXt = (TtXt — Ct) dt + Xtﬂ'; [(ut — Tt]_) dt + O'th] (6)
Ct Z 0 (7)
X, >0 8)

for all ¢ € [0,7]. The first constraint (6) is the dynamic budget constraint (i.e.
the evolution of wealth given a consumption-portfolio policy (¢, 7)). The second
constraint, (7), captures the physical restriction that consumption cannot become
negative (i.e. ¢ > 0 for all t € [0,7]). The last one, (8), stipulates that wealth
cannot become negative. This restriction has the nature of a no-default condition.
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It is well known that the assumption of infinite marginal utility at zero (the Inada
condition) ensures that optimal consumption is non-negative and this guarantees a
non-negative wealth (because wealth is the present value of future consumption). The
constraints, in this case, can be ignored in the optimization problem. In the absence
of Inada conditions, the constraints will bind and need to be incorporated in the
optimization problem.

2.6 The equivalent static choice problem

In order to solve the dynamic consumption-portfolio choice problem described above
it is useful to reformulate it as a static optimization problem. Cox and Huang (1989)
and Karatzas, Lehoczky and Shreve (1987) have shown that the equivalent static
problem is to maximize

max B [ /0 " (en, v)do + U(XT)] ()

o, X

subject to the static budget constraint

T
F |:/ &,cvdv + fTXT:| S X (10)
0

the inequality constraint (7) and the terminal consumption constraint X > 0. In this
formulation the investor selects the consumption plan (¢, Xr) subject to a static bud-
get constraint, (10), and non-negativity constraints on consumption, (7) and X, > 0.
The budget constraint (10) stipulates that the present value of the plan must be
bounded above by initial wealth. In other words the present value of expenditures
cannot exceed the value of initial resources.

2.7 Necessary and sufficient conditions for optimality

The static problem is a constrained optimization problem which can be approached
by forming the Lagrangian

Lle, Xp,y) = E [/OT w(ey, v)dv + U(XT)] +y (x B UOT Eocodv + fTXT} )

where y is the positive multiplier for the static budget constraint (10), and solving
ming-o max.>o, x,>0 £(¢, Xr,y). The multiplier represents the shadow price of the
budget constraint. The Lagrange optimization problem can be solved in two steps,
first ignoring the non-negativity constraints ¢ > 0, X1 > 0, then checking that the
solution derived satisfies the required conditions.

The first order conditions for the Lagrange optimization problem (hence for the
static problem (9)-(10)),

u'(ee ) = y& (11)
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U'(Xr,T) = yér (12)

T
E [/ ECodv +§TXT} <z (13)
0

show that optimal consumption is selected so as to equate the marginal utility of
an additional unit of consumption to the marginal cost. The latter is given by the
state price density adjusted by the shadow price of the budget constraint. Conditions
(11)-(13) are also sufficient due to the strict concavity of the utility function.

2.8 Optimal consumption and wealth

In order to solve the system of optimality conditions (11)-(13) let I(y,t) and J(y,T")
be the respective inverses of the marginal utility functions (¢, t) and U'(Xp,T).
The strict concavity of the utility functions ensures that these inverse functions exist
and that they are unique. Since marginal utilities range from 0 to oo the inverse
functions are defined over the positive reals. Our candidate optimal consumption
and terminal wealth are then given by the functions

c = 1(yé,t) (14)

Xr = J(yér, T). (15)

Substituting these expressions in (13) shows that y satisfies the associated budget

constraint F [fOT &l (Y&, v)dv + EpJ (yér, T)} = z. Given that the inverse marginal

utility functions I(-,-) and J(-,-) are strictly decreasing and range from +o00 to 0,

there is a unique solution y* and this solution is strictly positive. The candidate

optimal policies are then given by the functions (14)-(15) evaluated at y*. As the

functions I(-,-) and J(-,-) are strictly positive these policies are indeed optimal for
the constrained problem.

With the expressions for optimal consumption and terminal wealth it is easy to

derive a formula for optimal wealth. Indeed, wealth represents the present value of
future consumption and is therefore given by

T
X =B, [ | @ut6 o+ rityen 1) (16)

for all t € [0,7]. Given that the consumption functions ¢; = I(y*&,t) and X5 =
J(y*&r, T') are non-negative, it is immediate to see that optimal wealth satisfies the
constraint X;" > 0 at all times.

3 The optimal portfolio policy

The optimal portfolio policy is the portfolio policy that finances consumption and
terminal wealth. Stated differently, it is the portfolio generating the optimal wealth
process in (16).



The optimal portfolio corresponds to the integrand in the Martingale representa-
tion of the optimal discounted wealth process (see section 3.1.5). The Clark-Ocone
formula from Malliavin calculus gives an explicit expression for this integrand and
therefore for the optimal portfolio. Our next section presents basic results from Malli-
avin calculus that are needed to derive this integrand.

3.1 An introduction to Malliavin calculus

The Malliavin calculus is a calculus of variations for stochastic processes. It applies
to Wiener (or Brownian) functionals, i.e. random variables and stochastic processes
that depend on the trajectories of Brownian motions. The Malliavin derivative, which
is one element of this calculus of variations, measures the effect of a small variation in
the trajectory of an underlying Brownian motion on the value of a Wiener functional.

3.1.1 Smooth Brownian functionals

To set the stage consider a Wiener space generated by the d-dimensional Brownian
motion process W = (Wq,...,Wy)'. As is well known we can associate each state of
nature with a trajectory of the Brownian motion (the set of states of nature is the
space of trajectories). Let (¢y,...,t,) be a partition of the time interval [0, 7] and let
F(W) be a random variable of the form

FW)=f(Wy,...Ws,)

where f is a continuously differentiable function. The random variable F'(W') depends
(smoothly) on the d-dimensional Brownian motion W at a finite number of points
along its trajectory; it is called a smooth Brownian functional.

3.1.2 The Malliavin derivative of a smooth Brownian functional

The Malliavin derivative of F' is the change in F' due to a change in the path of .
To simplify matters assume first that d = 1, i.e. there is a unique Brownian motion.
Consider shifting the trajectory of W by e starting at time t. Suppose t; <t < tr 11
for some k =1, ...,n. The Malliavin derivative of F' at t is defined by

Of (Wi, + elppool(tr), ., Wiy, + € ptoo(ti), -, We, + €1to0((tn)

D, F
F W) Oe

 F(W +ely o) — F(W)

where 1, oo is the indicator of the set [t, co[ (that is 1y ((s) = 1 for s € [t,00[; =0
otherwise). In more compact form we can write

DiF(w) =Y 0 f Wy oo, Wiy oo, Wi) e (£5) (18)
j=k
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where 0; f is the derivative with respect to the j argument of f.
A simple example will illustrate the notion. Consider the price of the stock in the
Black-Scholes model. Its value at date T is given by

1
St = Spexp ((M — 502) T+UWT) ,

where Wr is the terminal value of the univariate Brownian motion process defining the
uncertainty in this model. Since Sy = f(Wr) with f(z) = Spexp ((u — 302)T + ox)
it is clear that Sr is a smooth Brownian functional. A direct application of the
definition gives

1
DSt = 0f Wr)ljeo(T) = 0Sy exp ((u — aag)T + O'WT) = oSr.

In this example the stock price depends only on the Brownian motion at time 7. The
Malliavin derivative is then the derivative with respect to Wr. This reflects the fact
that a perturbation of the path of the Brownian motion from t onward, affects Sy
only through the terminal value Wr.

Suppose next that d > 1, i.e. the underlying Brownian motion is multi-dimensional.
The Malliavin derivative of F' at t is now a 1 X d-dimensional vector denoted by
D,F = (Dy,F, ..., Dy F). The i'" coordinate of this vector, D; F, captures the impact
of a perturbation in W; by ¢ starting at some time ¢. If t;, <t < t; 1 we have

"0
—f“ (th, ceey Wtka ceey th) 1[t,oo[<t_]> (19)

where Of /Ox;; is the derivative with respect to the i component of the j argument
of f (i.e. the derivative with respect to Wy,).

3.1.3 The domain of the Malliavin derivative operator

The definition above can be extended to random variables that depend on the path
of the Brownian motion over a continuous interval [0,7]. This extension uses the
fact that a path-dependent functional can be approximated by a suitable sequence
of smooth Brownian functionals. The Malliavin derivative of the path-dependent
functional is then given by the limit of the Malliavin derivatives of the smooth
Brownian functionals in the approximating sequence. The space of random vari-
ables for which Malliavin derivatives are defined is called D%2. This space is the
completion of the set of smooth Brownian functionals with respect to the norm

| F o= (B + B (J 1DFI?dt))* where [[DFI = 52, (DaF)”
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3.1.4 Malliavin derivatives of Riemann, Wiener and Ito integrals

This extension enables us to handle stochastic integrals, that depend on the path of
the Brownian motion over a continuous interval, in a very natural manner. Consider,
for instance, the stochastic Wiener integral F(W) = fOT h(t)dW,, where h(t) is a
function of time and W is one-dimensional. Integration by parts shows that F'(W) =
MTYWrp — fOT Wdh(s). Straightforward calculations give, for t € [0, T],

POV + L) = FOV) = A(T) (W (D) = [ (W, + elgng(s)) dh(s)
- (h(T)WT - /0 : Wsdh(s))

= h(T)e —/0 €1y oo[(s)dh(s) = eh(t).

It then follows, from the definition 17, that D.F = h(t), for t € [0,T]. The Malliavin

derivative of F' at t is the volatility h(t) of the stochastic integral at ¢: this volatility

measures the sensitivity of the random variable F' to the Brownian innovation at t.
Next, let us consider a random Riemann integral with integrand that depends on

the path of the Brownian motion. This Brownian functional takes the form F'(W) =

fOT hsds where hg is a progressively measurable process (i.e. a process which depends
on time and the past trajectory of the Brownian motion) such that the integral exists

(i.e. fOT |hs|ds < oo with probability one). We now have
T
F(W +elft,o0]) — F(W) = / (hs(W + el]t, 00]) — hs(W)) ds.
0
As lim._, (hs (W + 51[15,00[) — hs(W)) /e = Dihs(W) it follows that D, F' = ftT D, hgds.
Finally, consider the Ito integral F'(w) = fOT hs(W)dWs. To simplify the notation

write h* = h(W + €1y oof) and W& = W 4 €l Integration by parts then gives, for
t € 10,77,

T T
FFoFp = / (hi—hs)dWs+/ hed (WF — W)
0 0
T T
= [ e h W b (Wi = W) = [ Ve = W
0
' T
_ / [ — Wb,
0
T T
_ / (hi—hs)dWS+h€T€—5/ dh
tT t
_ / (e — hy) IV, + 2ht.
t

11



The second equality above uses hi = hy for s < t to simplify the first integral and
the integration by parts formula to expand the second integral. The third equality
is based on the fact that the cross-variation is null (i.e. [W¢ — W, h®]y = 0) because
We — Wy = el (s) and 1 oo((s) is of bounded total variation. The last equality
uses, again, the integration by parts formula to simplify the last two terms. Since
lim, o (hS — hs) /e = D;hy we obtain D,F = h; + [ Dh,dW,, for t € [0,T),
Malliavin derivatives of Wiener, Riemann and Ito integrals depending on multi-
dimensional Brownian motions can be defined in a similar manner. As in subsec-
tion 3.1.2 the Malliavin derivative is a d-dimensional process which can be defined
component-by-component, by the operations described above.

3.1.5 Martingale representation and the Clark-Ocone Formula

In Wiener spaces martingales with finite variances can be written as sums of Brownian
increments.® That is, M, = M+ f(f ¢dW for some progressively measurable process
¢, which represents the volatility coefficient of the martingale. This result is known
as the Martingale representation theorem. One of the most important benefits of
Malliavin calculus is to identify the integrand ¢ in this representation. This is the
content of the Clark-Ocone formula.

The Clark-Ocone formula states that any random variable F' € D%? can be de-
composed as

F—BF] + / "B, [D,F] W, (20)

where FE;[-] is the conditional expectation at ¢ given the information generated by the
Brownian motion W. For a martingale closed by F' € D'? (i.e. M, = F,[F]) condi-
tional expectations can be applied to (20) to obtain M; = E[F] + f(f E; [D,F) dWs.
An intuitive derivation of this formula can be provided along the following lines.
Assume that F' € D2, From the martingale representation theorem we have F =
E[F|+ fOT ¢dW,. Taking the Malliavin derivative on each side, and applying the rules

of Malliavin calculus described above, gives D, F' = ¢; + ftT D;¢psdW,. Taking condi-
tional expectations on each side now produces F;[D;F| = ¢, (since E; [ ftT DtngdWS] =

0 and ¢; is known at ¢). Substituting this expression in the representation of F' leads
to (20).

The results above also show that the Malliavin derivative and the conditional
expectation operator commute. Indeed, let v > ¢ and consider the martingale M

4The total variation of a function f is limy_. >otnenv (o, [f (tns1) = f(tn)| where a ([o, 1))
is a partition with N points of the interval [0, ¢].

5A Wiener space is the canonical probability space (Co(Ry;R?), B (Co(R4;R?)),P) of nowhere
differentiable functions Cy, endowed with its Borel sigma field and the Wiener measure. The Wiener
measure is the measure such that the d-dimensional coordinate mapping process is a Brownian
motion.

12



closed by ' € D'2. From the representations for M and F above we obtain

DtMU — / DtEs [DSF] dWS + DtEt [F]
t

T
DF = / D,E, [D,F]dW, + D,E, [F].
t

Taking the conditional expectation at time v > t of the second expression gives
E,[D,F] = ftv DE, [D,F]dW, + D;E; [F]. Since the formulas on the right hand
sides of Dy M, and FE, [D,F] coincide we conclude that D,M, = E, [D,F]. Using the
definition of M, we can also write D, E, [F] = E, [D:F]: the Malliavin derivative
operator and the conditional expectation operator commute.

3.1.6 The chain rule of Malliavin calculus

In applications one often needs to compute the Malliavin derivative of a function of
a path-dependent random variable. As in ordinary calculus, a chain rule also applies
in the Malliavin calculus. Let F' = (F}, ..., F},) be a vector of random variables in D2
and suppose that ¢ is a differentiable function of F' with bounded derivatives. The
Malliavin derivative of ¢(F') is then,

Ny,
Do(F) = 3 22 (FID.F,
i=1 O
where g—i(F ) represents the derivative relative to the i argument of ¢.

3.1.7 Malliavin derivatives of stochastic differential equations

For applications to portfolio allocation it is essential to be able to calculate the Malli-
avin derivative of the solution of a stochastic differential equation (i.e. the Malliavin
derivative of a diffusion process). The rules of Malliavin calculus presented above can
be used to that effect.

Suppose that a state variable Y; follows the diffusion process dY; = p (Y:)dt +
o¥ (Y;)dW; where Yj is given and oY (V;) is a scalar (W is single dimensional). Equiv-
alently, we can write the process Y in integral form as

t t
Yt:YO+/ uY(Ys)der/ oV (Y)dW.
0 0

Using the results presented above, it is easy to verify that the Malliavin derivative
D,Y, satisfies

D,Y, = D,Y, +/ ouY DY, dv +/ 90" DY, dW, + o (V)

t t
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Since D;Yy = 0, the Malliavin derivative obeys the following linear SDE
d(D:Y,) = [0pY (Ys)ds + 00¥ (Y,)dW,] (DY) (21)

subject to the initial condition lim,_; D;Y, = ¥ (V}).
If Y is a k x 1 vector and 0¥ (Y;) is a k x d matrix (W is a d-dimensional Brownian
motion) the same arguments apply to yield

d
d(DyY,) = |opY (Yo)ds + Y 00) (Yo)dWi.| (DY) (22)

j=1
subject to the initial condition lim, .;D;Y, = oY (Y;). In this multi-dimensional

setting o) (Y') is the j column of 0¥ (Y'). The Malliavin derivative D,Y is the k x d
matrix D;Ys = (D14Ys, ..., Dyt Ys).

3.2 The optimal portfolio

Let us now apply these notions to the derivation of the optimal portfolio. As men-
tioned before the optimal portfolio finances the wealth process (16). Equivalently, it
represents the volatility of (16) (see the dynamic budget constraint (3)). The Clark-
Ocone formula, which provides an expression for this volatility coefficient, can be
applied to conclude that X/ 7’0, = D,X;. It then suffices to compute D, X} from
(16) in order to derive the portfolio formula.

A renormalization of the optimal wealth process simplifies this computation. Con-
sider the discounted wealth process &X;. By Ito’s lemma its volatility is & X, (7} oy —
6;). It follows immediately that X, (70, — 6;) = D,(&X}). Solving for 7* gives
the following expression for the optimal portfolio

7= (o) 0+ (6X) 7 (o) (D&X])) (23)
where

T
&X: = B [ [ elte o+ aivre T)} -

In this expression ¢ = I(y*&,, v) represents optimal consumption and X} = J(y*&p, T)
is optimal terminal wealth. The basic rules of Malliavin calculus yield the expression

T
Dt(th:) =FE; [/ Zl(y*fm U)thudv + Z2(?/*5T>T)thT] (24)
where .
Z1(y &, v) = Iy &, v) + y &I (y"&, v) = (1 — m) (25)
Zo(y ér, T) = J(y* &, T) + y* 0 (y" 60, T) = X7 <1 - m) (26)
T
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where I'(y*&,,v), J'(y*ér, T') are the derivatives with respect to the first argument
y*¢ of the inverse marginal utility functions and R,(x,v) = —u’(z,v)z/u/'(z,v),
Ry(X,T)=-U"(X,T)X/U'(X,T) are the coefficients of relative risk aversion (u"(c, t)
= 9?u(c,t)/0c* and U"(X,T) = 0*°U(X,T)/0X?). Similarly, from the definition of

the stochastic discount factor

v 1 v
& = exp (—/ (rs + —9;95) ds — / ngWs)
0 2 0

,Dtgv = _fv </ (Dﬂ’s + Q;Dtﬁs) ds + / dW; . Dtﬁs + 9;) .
t

t

we obtain

The chain rule can then be used to write Dy, = =&, (H{, + 0;) with

= [ @r(is) + 000 ) DYds + [ w00 Dy, (21)
t

t

and where DY satisfies the stochastic differential equation

d
dDY, = |0 (s, Yo)ds + > _ 00} (s,Y,)dW,,| DYy, DY, =o' (t,Yy). (28)

Jj=1

Substituting (24)-(28) back in (23), collecting terms and simplifying produces our
portfolio formula in Proposition 1 below (for details see the proof of Proposition 1 in
the Appendix).

Proposition 1: Consider the consumption-portfolio problem described in Section
2. The optimal consumption policy is ¢ = I(y*&,,v) and optimal terminal wealth
is X5 = Jr,T). The optimal portfolio policy has the decomposition X/} =
X [}, + 75, where w, is the mean-variance demand and w3, the intertemporal hedg-
ing demand. The two parts are given by

T
Ximl, = — B, [ [ e s oo + aantren e T)] (o) 0,

T
Xy =~ (o))" E, [/ §e0Z1 (Y o, v) Hypdv 4 & 1 Zo(y ™, T)Ht,T]
t

where Z1(y*&y,v) and Zy(y*Er, T) are defined in (25)-(26), the random variable H;,
is defined in (27) and the Malliavin derivative of the state wvariables, D,Ys, sat-
isfies the stochastic differential equation (28). Optimal wealth is given by X; =

B [J] €l (6o, 0)dv + & (60, T)]
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Proposition 1 shows that the optimal portfolio decomposes in two parts. The
first one, 7}, is a mean-variance component motivated by the local properties of asset
returns (which are embodied in the first two instantaneous moments). The second
part, 75, is an intertemporal hedging demand a la Merton (1971). This component is
comprised of an interest rate hedge and a market price of risk hedge. The appearance
of these two hedges follows from the fact that the stochastic discount factor (the
SPD) is determined by r and . Since optimal consumption and terminal wealth are
functions of the SPD the investor will naturally hedge against fluctuations in these
quantities.

For constant relative risk aversion the portfolio simplifies as follows,

Proposition 2: Suppose that the investor displays constant relative risk aversion
R and has subjective discount factor n, = exp (—[t) where [ is a constant discount
rate. The optimal consumption policy and the optimal terminal wealth are respectively
given by ¢ = (y*&,/n,) Y E and X3 = (y*ér/nr) YR, The optimal portfolio policy is
gwen by X;n} = X[ [n}, + m5,] where

Ximi, = L (o)

R
T R R
LB [ft &0 i Hyodv + 7y Ht,T}

T 1/R 1/R
Ey [ft Ef,vm,f} dv + ngnt,{F }

Ximy = —Xip (o)

with p=1—1/R.

The portfolio formula of Proposition 2 serves as the basis for the models in which
the different candidate methods will be evaluated.

4 Computing the optimal portfolio

In this section we review two recent approaches that have been proposed for the
computation of asset allocation rules.

4.1 Monte Carlo with Malliavin derivatives (DGR (2003))

In order to implement the portfolio formula in Proposition 2 we need to calculate
the conditional expectations that appear in the hedging terms. These conditional
expectations are taken over the random variables &, ,, H;, which in general will be
path-dependent functionals of the state variables Y, and their Malliavin derivatives
D,Y,. This complexity in the structure of the hedges naturally suggests the use of
Monte Carlo simulation for computation purposes.
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Our simulation approach proceeds as follows. First, note that the hedging demand
can be written in the form
1 By [Fir)

EyGir]

T = —p(0})
where Fyr = Fip + F'y and Gy v = Gir + G, with

v
T — P 1/R
to = gt,snt,s Hi ds and Ft,T = ét,Tnt,T Hyr

v
c _— p 1/R x _ ¢p _1/R
Gm = EtsMe's ds and FLT = §t7Tnt7T )

To calculate 75 write the random variables appearing in the hedges as a joint system
(Y;H DtY;M Kt,va Ht,U7 qu)v Where

v 1 v
Kip = / (rs + 59;98) ds + / 0.dw,
t t

HLUE/ 87“(3/;,5)Dtsts+/ QQOQ(E,S)DtYSds+/ dW! - 00(Ys, s)D;Y,
¢

t t
and &, = exp (—Ky,). By Ito’s Lemma we can write the dynamics of this system as

1
dK,, = (rs + 59;98) ds + 0.dW,

dH; , = Or(Y,, s)D,Yds + (AW, + 0(Y, s)ds) 90(Ys, s) DY,
dFtc,s = gf,sntl,éRHt,st
dGy, = & " ds
with initial conditions K;; = 0, H;, = 0, F, = 0 and Gf, = 0, along with equations
(2) and (28) for (Ys, D;Y5).

Next, simulate M trajectories of the solutions of these equations. This can be
performed using various discretization schemes, such as the Euler scheme or the Mil-
shtein scheme. Let N be the number of (time) discretization points in the scheme se-
lected. This simulation yields M estimates {(Y.4, DY, K[, H)Y' FoN, oy
s € [t,T]} of the trajectories {(Ys, DYy, Ky, Hys, Ff,, GY,) = s € [t,T]}. From the
terminal values of the simulated processes construct M estimates of the random vari-

ables F, p and G p in the hedging demand. Averaging over these M values yields the
following estimate of the hedging demand

1 M Nyi
_— n—1 M Z@':1 Ft,T

T = —p(0)) =
% Ei:l Gt,fz
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The properties of this estimator are studied in Detemple, Garcia and Rindisbacher
(2004). As shown in their paper the accuracy of the estimate depends on the number
of Monte Carlo replications M and on the number of time discretization points N.
Convergence to the true value is at the rate l/m as long as the ratio \/M/N is
held constant (i.e. when M and N are simultaneously increased so as to leave the
ratio v/M /N unchanged). For a single Monte Carlo replication, the Euler scheme
converges weakly at the rate 1/ V'N.

4.2 Monte Carlo with Regression (BGSS (2003))

Brandt et al. (2003) also present a simulation-based method for solving portfolio
choice problems, but set in discrete time. The approach is based on the standard re-
cursive dynamic programming algorithm, but instead of seeking closed form solutions,
it simulates returns and state variables and uses a regression approach to calculate
expectations. It also uses an approximation of the value function in order to calculate
approximate “optimal” policies. This simulation-based approximation procedure is
very general. As MCMD, it applies to large-scale problems with path-dependent and
non-stationary dynamics as well as non-standard preferences. It therefore represents
a prime candidate for comparison with MCMD. We summarize the main steps of the
approach next, in the context of the pure portfolio problem (with utility of terminal
wealth).

The algorithm is recursive in nature. The starting point is the Bellman equation
for the value function, V', associated with the dynamic portfolio problem,

Vi( Xy, Zy) = max F (Vi (Xe(m Ry + RT), Zy1)] - (29)

In this equation, X; is the endogenous wealth at time ¢, Z; is a vector of exogenous
state variables at ¢, Rf ; is the vector of risky assets’ excess returns from ¢ to ¢ + 1,
R/ is the return on the risk-free asset and finally, 7, is the portfolio over which the
optimization is conducted. The first-order condition (FOC) for this optimization
problem is

By [00Vi (Xy(mi Ry + RY), Zia) R, ] = 0 (30)

where 01V, is the derivative of the value function with respect to the first argument
(future wealth associated with the portfolio policy ).

The method proposed by BGSS consists of three steps. The first step simplifies
the initial optimization problem (29) by expanding the value function in a Taylor
series around X; R/, the future value (at t + 1) of current wealth. To account for
departures from quadratic utility and Gaussian returns, BGSS propose the fourth-
order expansion®

VX, Zy) = max Ey [Wi1(XtRf> Zy1) + 81‘/1511(XtRf7 Zya)(Xym Ry q)

6Brandt et al. (2003) report that a fourth-order expansion around X;Rf gives very accurate
results for the particular problems they considered.
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1 1
+§afvti1(XtRfa Zipa)(Xem Ry ) + 6a%%i1<XtRf7 Zp ) (Xemi Ry )
1
+ ﬂafvtil(XtRf7 Zi1)(Xym RE, )

where V' represents the value function for this new (approximate) problem. Let 7
be the solution of the approximate problem. The FOC leads to the following implicit
expression for 7,

o= = {Et [8%Ki1(XtRf, Zt+1)Rf+1(Rf+1)l] th}il
x {Ey [0V (Xe R, Zy1) Ry ] X,

1 a a (& (&

+5 B [0V (X RY, Zy) (7)) Ry Ry ] XT (31)
1 a a & &

B 1V CXRY, Ze (w0 R P X

= —{E B X} { B [Ava] + B [Cona (n)] X7 + Ey [Dia (n)] X7}

The structure of this equation shows that the solution 7 depends on conditional
moments involving the derivatives of the value function and powers of the returns.
Assume for the time being that these moments can be calculated by some procedure.
The solution of (31) is then computed as follows. First, compute the solution of the
quadratic problem corresponding to the second-order expansion of the value function.
This gives an explicit expression which can be used as an initial guess for solving
(31). Second, substitute this initial guess into the right-hand side of (31) to produce
a new estimate of 7% on the left hand side. Finally, iterate by repeating the previous
step until the distance between consecutive estimates falls below some pre-selected
tolerance level.

The second step of the method involves the forward simulation of a large number
M of sample paths of the vector Y; = [Rf, Z;] where Z; is a vector of state variables
which may include a finite number of past returns. This set of paths serves as the
underlying tree for the application of a recursive procedure where the portfolio is
approximated at each step and along each trajectory m by the solution of (31).

The third step consists in computing the expectations appearing in (31) and solv-
ing for the portfolio at date . Suppose that approximate weights 7¢ have been found
fors=t+1,...,T — 1. The corresponding terminal wealth is

T-1
Xp=XPRD [ (reRG, + R (32)
s=t+1
assuming that the riskfree rate applies between ¢ and ¢ + 1. The coefficients in (31)
are then replaced by

T-1
App1 = Eppr |Ou(X7) H (meRe + RY) Riy (33)

s=t+1

19



in the case of A;,1, and similar expressions for B; 1, C;y1 and D;y1. Letting a;,1 =
ou(X4) HST:QL(W?RE .1+ RY)R¢, | be the random variable inside the expectation in
(33) and defining b;y1, ¢;11 and dyq in a similar manner leads to

1f = —{ By [bera) X0} { B [ae] + By e (7)) (X2)? + By [dea (7)) (X7)°} . (34)

This relation serves as an approximation of the optimal portfolio policy.

To find this approximation the expectations of a, b, ¢, d must be computed. To do
this Brandt et al. (2003) rely on the regression method suggested by Longstaff and
Schwartz (2001) in the context of American option pricing. This simple approach
uses regressions across the simulated paths to evaluate conditional expectations. Let
y be a typical element of the vector [a,b,c,d]. The expectation of y;,1 is computed
by regressing ;11 on a vector of polynomial bases in the state variables Z;. That is,

E, [yt+1] = SO(Zt),k?t

where k; is the vector of regression parameters to be estimated. The fitted values of
this regression are used to construct estimates of the time ¢-conditional expectations
of agy1, b1, ciyq and dyyq, along each path m. Solving (34) produces the approximate
portfolio ;"™

The backward construction described above can be implemented for all indices
t running from 7" — 1 to 0. For the computation of the approximate portfolio 7§
at the initial date it suffices to solve (34) with time index ¢ = 0. At that date
the expectations Fyla1], Eolb1], Eolci(m§)] and Epldy(7§)] on the right hand side of
the equation are projections on a set of constants as there is a unique set of initial
values for the state variables (i.e. the vector of independent variables Z; is single
valued). This is equivalent to estimation by simple Monte Carlo averaging, i.e. for
Ty = ay,by,c1(ng),di(7§) the estimate Z; of the conditional expectation Fy[z] is
T = ﬁ E]Ail 2. Substituting in (34) and solving gives the portfolio estimate .

5 A comparison of methods

In order to compare the candidate methods we focus on 2 specifications of the
consumption-portfolio model. The first one is the linear specification with closed
form solution proposed by Wachter (2002). The second is the non-linear model with
2 state variables, developed by DGR (2003). Since BGSS (2003) provide a detailed
presentation of MCR for the maximization of the utility of terminal wealth we com-
pare MCR and MCMD in this setting.

5.1 Two frameworks for comparison

Let us first describe the two models used for comparison.
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5.1.1 A single state variable model with explicit solution (WA)

In the first model the investor has constant relative risk aversion R and maximizes
utility in a financial market with a single risky stock and the riskless asset. The
underlying source of uncertainty is a (single) Brownian motion W. The interest rate
r is constant and the market price of risk 6 follows the Ornstein-Uhlenbeck (OU)
process

df, = A0 — 0,)dt + SdWy; 6, given (35)

where A, 6, ¥ are positive constants. The stock return has constant volatility o. In
the version of this model studied the investor cares about the expected utility of
terminal wealth. We refer to this setting as WA.

The closed form solution for WA can be found in Wachter (2002).” Assume that
the determinant condition

YTPAY + p(1+2871A) > 0, (36)

holds, where p =1 — 1/R, and define the constants

G=-S"1A— \/S242 4 p(1 + 251 A)

and o = 2(A+XG). In the pure portfolio problem, the optimal demand for the stock
is 77 = 7}, + w5, where 7}, = (1/R)(0;)~'0; is the mean-variance demand and

w5 = — L [B(t,T) + C(t, T)0,) S0,

R
with ( ( ) )
B 2(1—exp (—3a(T — 1) —
BT = s = on U —ew(—aT =) " (37)
B 1 —exp(—a(T —1))
D) = = an (1 - e (—a(T— 1) (38)

represents the intertemporal hedging demand.

5.1.2 A nonlinear model with two state variables (DGR1)

The second model is the benchmark non-linear model developed by DGR (2003),
which we call DGR1. The state variables, in this setting, correspond to the interest
rate and the market price of risk (7, 0) which evolve according to

dry = k(T — 1) (1 + ¢, (F — rt)znr) dt — o] dW;, ro given (39)

“For this model, Wachter shows that the problem reduces to a system of Riccati ordinary differ-
ential equations. Liu (1998) and Schroder and Skiadas (1999) show that the same reduction applies
when state variables follow affine processes.
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d‘gt = (FL@(@ - 0,5) + /Lg (Ttﬂt)) dt + ag(et)th, 90 given, (40)

where

i) = = ter 00 (1= (G50)) (a1

2 + 2] T—v10\ 72¢
O'g(et) = 0'9(01 + Qt)’he (1 — <0ll n Qt) ) . (42)

The coefficients (K, T, @r, e, Or, Yo Ko, 0, M9, 09, 01, O, Y19, Y29) are constants. More-
over, (k,,T,kg,0;,0,) are positive, and € (—6;,60,). The Brownian motion W is
unidimensional.

The interest rate process (39) is Mean Reverting with Constant Elasticity of Vari-
ance (NMRCEV) given by 2v,. The speed of mean-reversion is non-linear and mod-
elled by the function s, (1 + ¢,(F — r;)?”). When ¢, > 0, this specification implies
an increased pull towards the long run mean as the deviation |F — r4| increases. Em-
pirical motivation for this structure is provided by DGR (2003). The presence of
non-linearities in the mean is also documented by Ait-Sahalia (1996) and Ahn and
Gao (1999). The market price of risk process exhibits linear mean reversion and has
an elasticity of variance with hyperbolic structure. The drift also depends on the
interest rate, which has been shown to be a good predictor of the market price of
risk. The formulation adopted ensures that the process stays between two reflecting
bounds, given by the parameters —6; and 6,. The process is said to exhibit Mean

Reversion with Hyperbolic Elasticity of Variance and Interest rate Dependence in the
drift (MRHEVID).

5.2 Comparing MCMD and MCR

This section reports comparison results for MCMD and MCR. Five versions of MCR
are tested: three of these involve regressions on linear terms, the last two regress on
power series of the returns. The MCR methods are labelled:

e MCR-lin-1: regression on the market price of risk for the current date

e MCR-lin-2: regression on the market prices of risk for the current and previous
dates

e MCR-lin-3: regression on the market prices of risk for the current and the past
three dates

e MCR-poly-1: regression on a second-order power series of the market price of
risk for the current date

e MCR-poly-2: regression on a third-order power series of the market price of
risk for the current date.
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Our first comparison is carried out in the context of WA. The availability of a
closed-form solution for this model enables us to calculate the exact error associ-
ated with each method. Table 1 shows the results of a simulation exercise based
on N = 20 time points per year and M = 20,000 trajectories.® The approximate
portfolio in MCR is calculated using 200 iterations for the resolution of (34). This
framework enabled us to replicate the results reported by BGSS (2003) in Tables 1
and 2. Computations are performed for risk aversions R = 2,3,4,5 and investment
horizons T' = 1, 2, 5; parameter values are those described in Table 1. The experiment
was carried out for several states of the random number generator. As the results
obtained were roughly similar across states we report results for a particular state.

Several conclusions emerge from this simple exercise. The first one is that MCMD
produces more accurate values, in this particular example across all 12 pairs (R, T')
studied. The gain in accuracy, relative to the other methods tested, is often large
and sometimes exceeds a factor of 10. The systematic pattern of dominance across
all parameter values tested is of course extreme and one may naturally wonder about
the relative performance of the methods in a larger experiment. Our efficiency study
below will examine this issue and confirm the broad conclusions emerging from the
analysis of this limited experiment.

The second conclusion is that there are variations in performance across the 5
versions of MCR tested. For some values of risk aversion and horizon all 5 versions
produce closely related relative error (RE) values (e.g. for ' = 1). In other cases
there are more important differences (e.g. for T = 5).

Lastly, it should be noted that MCR often fails to produce portfolio values and,
instead, returns infinite values (NaN). In the table, this happens for the polynomial
approximations MCR-poly-1 and MCR-poly-2 (MCR-poly-2 fails in over 66% of the
cases considered in Table 1). The problem can be traced back to the fact that the
algorithm employed for the resolution of (34) diverges for certain parameter values.
In a broader set of experiments that we conducted, cases of divergence were recorded
for almost every variant of MCR. The occurrence of problematic cases appeared to
increase with the length of the investment period.

These results in Table 1 give a preliminary feel for the relative properties of
the candidate methods based on a given number of trajectories of the underlying
Brownian motion and a limited number of risk aversion and horizon combinations.
In order to provide more conclusive evidence we conduct a large-scale study involving
a large number of draws (here 10, 000) for the parameters of the model and the initial
values of the state variables. For each draw relative errors and computation times
are recorded, for each method. A measure of accuracy, root mean square relative
error (RMSRE), and a measure of speed, inverse average time (IAT), are computed
from this sample, again for each method. This experiment is repeated for different
discretization values N and different numbers of trajectories M. The speed-accuracy

8For MCR. the duration of a time period is taken to be 1/20. The total number of periods is
T x 20.
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trade-off can then be graphed to evaluate the relative performance of the candidate
methods. Given the difficulties experienced with the polynomial-regression methods
in the initial experiment, we focus on the linear approximations MCR-lin1, MC-lin-2,
MCR-lin-3 and on MCMD.

To conduct our experiment we draw the parameters R, T 8y, o from independent
uniform distributions (the values of other parameters remain as specified in Table 1).
Specifically, R is uniform over the interval [0.5, 5], T" is uniform over the discrete set
{1,2,...,5}, 6y is uniform over [0.30,1.50] and ry is uniform over [0.01,0.10]. Each
draw consists of a vector [R, T, 0y, ro]. Errors and computation times are recorded, for
each method, for the pairs (M, N) = {(1000, 10), (4000, 20), (9000, 30), (16000, 40)}.
These combinations of M, N are chosen so as to quadruple M when N is doubled,
leaving the ratio v/ M /N constant.? Out of the 10,000 parameter draws 1, 826 violated
the determinant condition (36) for the closed form solution of Wachter (2002), or
failed to produce finite values for at least one of the regression methods. Eliminating
these problematic values left a sample of 8,164 “good” draws which constitute our
sample. Statistics, such as RMSRE and IAT, are computed over this sample.

Figure 1 displays the results from this experiment. The first observation is that
MCMD converges faster as M and N increase. Although somewhat difficult to infer
from the graph convergence is, in fact, not assured for MCR.!® The second observation
is that all three regression methods have a very similar performance. Regressing on
additional lagged returns does not appear to improve performance in a significant
way. The last observation emerging from the experiment is that MCMD improves on
MCR by a factor in excess of 10. For instance, for a speed in the neighborhood of 4
the RMSRE of MCMD nears 8 x 10~! while that of MCR is about 2 x 10.

9The ratio \/M/N is the efficiency ratio for MCMD. Increasing M and N while maintaining this
ratio constant ensures convergence to the true value without modifying the structure of the second
order bias (see Detemple, Garcia and Rindisbacher (2004)).

10Quppose that the order of the polynomials used to approximate conditional expectations is
fixed. In this case MCR converges to the projection of the portfolio on the linear space spanned
by the approximating polynomials and not to the portfolio policy itself (see Clément, Lamberton
and Protter (2002)). If the projection residual is large the approximation error of MCR will also be
large, independently of the number of replications used to estimate the regression coefficients.
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Figure 1: This figure shows the speed-accuracy trade-off for MCMD (plain line
top left corner), MCR-lin-1 (plain line bottom right corner), MCR-lin-2 (plus '+’)
and MCR-lin-3 (circle ’0’), in the context of the linear model WA. Speed is mea-
sured by the inverse of the average computation time over the sample (y-axis).
Accuracy is measured by root mean square relative error (x-axis). Four points,
corresponding to the pairs (M,N)={(1000,10), (4000,20),(9000,30),(16000,40)}, are
graphed for each method.

Our second experiment is a large-scale study performed in the context of the non-
linear model DGR1. Parameter values are those reported in Appendix C of DGR
(2003), p. 441-442. In this instance 600 vectors R, T, 6y, ry are drawn from indepen-
dent uniform distributions: R is uniform over [0.5,5], 7" is uniform over the discrete
set {1,2,...,5}, 6y is uniform over [—0.10,0.40] and 7( is uniform over [0.01,0.10].
For each draw the benchmark true value of the portfolio is computed using the con-
vergent method of DGR with M = 250,000, N = 200 and variance reduction by
antithetics. The long computation times needed to calculate the benchmark val-
ues explains the more modest size of the sample in this experiment. As before er-
rors relative to the benchmark and computation times are recorded for the pairs
(M, N) = {(1000, 10), (4000, 20), (9000, 30), (16000, 40)}. Out of the 600 parameter
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draws 65 produced infinite values for at least one of the regression methods. This left
a sample of 535 “good” draws over which statistics were computed.
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Figure 2: This figure shows the speed-accuracy trade-off for MCMD (plain line
left side), MCR-lin-1 (plain line right side), MCR-lin-2 (plus +’) and MCR-lin-3
(circle ’0’), in the context of the nonlinear model DGR1. Speed is measured by
the inverse of the average computation time over the sample (y-axis). Accuracy
is measured by root mean square relative error (x-axis). Four points, correspon-
ding to the pairs (M,N)={(1000,10),(4000,20),(9000,30),(16000,40)}, are graphed
for each method.

The results obtained confirm the conclusions reached in the prior experiment.
Figure 2 shows that MCMD converges fairly smoothly, as M and N increase, while
MCR does not. The three linear versions of MCR exhibit, again, a very similar trade-
off between speed and accuracy. The performance advantage of MCMD over MCR
appears even more clearly in this model. The gain in accuracy approaches a factor of
10 for a speed in the neighborhood of 107! (i.e. for the pair (M, N) = (16000, 40)).

6 Conclusion

In this paper we have provided a review of the MCMD method developed by Detem-
ple, Garcia and Rindisbacher (2003) for the computation of optimal portfolio policies.
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This approach, which combines Monte Carlo simulation and Malliavin derivatives, is
extremely flexible and accurate. One of its benefits is to permit the implementation
of realistic models, featuring multiple assets and state variables, non-linear dynamics
of the state variables and general time-separable von Neumann-Morgenstern prefer-
ences. It also identifies the primitive components of the optimal portfolio, including
the intertemporal hedging terms whose importance was first highlighted by Merton
(1971).

The comparative studies that we performed show that MCMD dominates the
Monte Carlo Regression approach of BGSS (2003). In large-scale studies conducted in
the context of two models, MCMD proved to be significantly more efficient. Efficiency
graphs show that it provides at least a tenfold increase in accuracy for a given budget
of computation time.

MCMD essentially resolves the implementation question for general diffusion mod-
els with complete financial markets. It also holds much promise for the analysis of
more general consumption-portfolio problems. Directions for future research include
its extension to settings with incomplete markets and constraints, discontinuous price
processes and non-separable preferences. Preliminary results (see for instance Detem-
ple and Rindisbacher (2003) for a specialized model with incomplete markets) have
already made inroads in some of these areas and provide a glimpse of the potential
benefits associated with a full blown extension of the method.

7 Appendix: proofs

Proof of Proposition 1: Since X, = E; [ftT &,](y*&,,v}dv+§TJ(y*§T,T)} an
application of the Clark-Ocone formula shows that

T
EXinto—EXM0 — —E [ / fvzmy*fv,v)dv+sz2<y*£T,T>} 0
t

T
—E; {/ &)21 (y*gvv v)Hg,vdv + 5TZ2<y*£T7 T)Hg,T}
t

where
Zy(y 6w, v) = 1y &, v) +y &I (70, v)

Zo(y*&r, T) = J(yér, T) + y* ' (y"ér, T)

H;, = / (Dyrs + 6,D,0,) ds + / dW! - Db,
t

t
and Dyr,, D0, and D,Y, are Malliavin derivatives that satisfy the relevant equations

(see (27) and (28)).
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Using the definition of X/, we can write
T
X: - Et |:/ ft,vzl (y*gva 'U)d'U + €t7TZ2(y*€T7 T):|
t

T
— { / o (4°€0) T' (56, v)dv + o (y°Ex) T (576 T)]

and therefore,
Ximloy = {/ oY N (Y vy v)dv + & (y™Er) I (y"Er, )} 0;

[/ §1.0Z1 (Y 6w, v) HY dv+€tTZ2(y &, T) tT:|

Transposing this expression and identifying the first term with 7y and the second
with 75 gives the formula stated. B

Proof of Proposition 2: For power utility function u(c,t) = n;,c!~/(1 — R) and
UX,T)=nrX'""1/(1 — R), with n; = exp (—/3t), we obtain

I(y&u,v) = (Y&uo/m) "5, J(yr, T) = (y&r/nr) "
ygvl/(ygva U) = _(1/R)(y50/77v)71/R = _(1/R)I(y§m 'U)
yérd'(yér, T) = —(1/R)(yér/nr) " = —(1/R)J (yér, T).
Z1(y&v, v) = (1 = 1/ R)I(y&u, v), Zo(yér, T) = (1 = 1/R)J(yér, T).

Substituting these expressions in the policies of Proposition 1 gives the formulas
stated. &
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Table I
Portfolio Demands using MCMD and MCR in the
Ornstein-Uhlenbeck Model

The table gives the fraction of wealth invested in the stock market in terms of relative risk
aversion (RA) and investment horizon (7') in the model with Ornstein-Uhlenbeck market
price of risk process (model WA). Parameter values are A = 0.2712, 6 = 0.9456, % =
0.2268,0 = 0.2,7 = 0.06 and 6y = 0.10. The exact solution is calculated using the
formulas of Wachter (2002) in section 5.1.1. Each computation is performed using MCMD,
MCR-lin-1, MCR-lin-2, MCR-lin-3, MCR-poly-1 and MCR-poly-2. For computations we
use M = 20,000 trajectories and N = 20 discretization points per year. Risk aversion
varies from 2 to 5 in unit increment. Investment horizon takes values 1,2 and 5. Portfolio
shares (m) and relative errors (RE) are expressed as percentages. The table shows the
relative errors associated with the different methods for state 0 of the random number
generator.

Risk aversion (RA)
3 4 5

7 RE s RE 7 RE s RE
Exact 20.53 12.83 9.31 7.31
MCMD 20.05  2.36 | 12.18 5.02 8.59 7.73 6.54  10.47
MCR-lin-1 24.06 17.18 | 15.02 17.11 | 1090 17.05 | 855 17.00
MCR-lin-2 24.11 1741 | 15.07v 1748 | 1094 17.50 | 859 17.50
MCR-lin-3 24.34 1855 | 15.28 19.11 | 11.12 19.41 | 874 19.59
MCR-poly-1 | 24.01 16.96 | 14.97 16.68 | 10.85 16.47 | 850 16.33
MCR-poly-2 | 24.13 17.54 | 15.07 1747 | 10.93 17.38 | 857 17.32
Exact 15.14 8.42 5.74 4.33
MCMD 14.97  1.08 8.27 1.81 5.60 243 | 4.20 3.01
MCR-lin-1 18.62 2299 | 1040  23.49 7.08 2333 | 533 23.07
MCR-lin-2 18.49 22.18 | 10.28  22.08 6.98  21.52 | 5.24  20.99
MCR-lin-3 18.71 23.61 | 1046  24.26 713 24.15 | 5.37  23.92
MCR-poly-1 | 18.73 23.77 | 10.50  24.66 716 24.75 | 540  24.67
MCR-poly-2 | NaN  NaN | NaN NaN NaN NaN | NaN NaN
Exact 4.18 0.18 -0.68 -0.90
MCMD 492 1755 | 1.13 53540 | 0.37 154.49 | 0.21 122.78
MCR-lin-1 9.31 122.71 | 2,99 1575.45 | 1.16 269.53 | 0.43 147.81
MCR-lin-2 9.28 12196 | 2.94 1545.61 | 1.11 262.53 | 0.39 143.34
MCR-lin-3 9.75 133.21 | 3.38 1794.63 | 1.50 318.93 | 0.73 180.26
MCR-poly-1 | NaN  NaN | NaN NaN NaN NaN | NaN NaN
MCR-poly-2 | NaN  NaN | NaN NaN NaN NaN | NaN NaN

31




