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1 Introduction

Consider a stochastic process Y that satisfies the stochastic differential
equation

dYy = p(t,Ye)dt + o(t,Yy)dWy; Yy given (1.1)
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where W is a Brownian motion process and the coefficients u(t,y) : [0, 1] x
R +— Rand o(t,y) : [0,7] x R — Ry satisfy Growth and Lipschitz condi-
tions. Also assume that the coeflicients are infinitely differentiable functions
of y with bounded derivatives of all orders greater than or equal to one, and
that p(t,0) and o(t, 0) are bounded. Under these conditions, Nualart (1995),
Theorem 2.2.2, shows that Y (t) € D> for all ¢ € [0,T]. Moreover, the (first
order) Malliavin derivative of the process, denoted DY, satisfies the linear
stochastic differential equation

dD:Ys = Oopu(s,Ys)DiYsds + 020 (s, Ys) DY dW (1.2)

for s > t, where 02 f(s,y) = 0f(s,y)/dy, subject to the boundary condition
lim,_; D;Yy = o(s,Ys). Differentiating (1.2) repeatedly provides stochastic
differential equations for higher order Malliavin derivatives, D}Y,,j > 2.
Since the equation for D]Y; is linear, the solution can be written in terms
of lower order derivatives and of the underlying process (1.1).

The characterization of DY as the solution of an SDE is particularly
useful for applications since it is amenable to numerical computations. Stan-
dard methods developed to simulate the solution of an SDE (see for example
Kloeden and Platen (1997)) can be used for that purpose. The convergence
rate of numerical estimates is determined by the convergence rate of the
martingale part of the SDE, which is slower than the convergence rate of
the drift.

In this paper we derive an alternative characterization of Malliavin
derivatives of diffusion processes involving the solutions of ordinary dif-
ferential equations. Specifically we show that the Malliavin derivative D,Y
can be written as D;Ys = o(s,Y;)D:Zs where the process D;Z; solves an
ODE of the form

dD,Zy = AW (s, Z,)Dy Z,ds (1.3)

for s > t, for some suitable function A (s, z), subject to the boundary
condition lims_; D;Zs = 1. The key to this formula is a change of vari-
ables, from Y to Z, which reduces the volatility of the transformed process,
Z, to one. This change of variables is closely related to the transforma-
tion developed by Doss (1977) to convert a stochastic differential equation
into an ordinary differential equation. It has also been used by other au-
thors in univariate settings (e.g. Lamperti (1964), Gihman and Skorohod
(1972)). Straightforward application of the rules of Malliavin calculus to
the SDE satisfied by Z leads to (1.3). We establish this formula for uni-
variate as well as multivariate processes and provide characterizations for
higher order derivatives. In all cases the Malliavin derivatives of the un-
derlying processes can be written as functions of the Malliavin derivatives
of transformed processes which satisfy an ODE in the univariate case and
a matrix ODE in the multivariate case. These characterizations are useful
for numerical applications since they improve the stability and convergence
properties of numerical estimates of D,;Y; to their true values.

A rapidly growing literature applies Malliavin calculus to resolve various
problems of interest to financial economists. For instance, Fournié, Lasry,
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Lebuchoux, Lions and Touzi (1999) use Malliavin calculus to compute the
Greeks for discontinuous path-dependent payoffs written on multivariate dif-
fusions. Fournié, Lasry, Lebuchoux and Lions (2001) propose an application
to the global pricing and hedging of a European option. Detemple, Garcia
and Rindisbacher (2003) compute optimal portfolios based on the Ocone
and Karatzas (1991) formula. Cvitanic, Ma and Zhang (2003) deal with
the efficient computation of hedges for options with discontinuous payoffs.
Asymptotic properties of Monte Carlo estimators of diffusions are studied by
Detemple, Garcia and Rindisbacher (2004), while issues regarding variance
reduction are considered by Bouchard, Ekeland and Touzi (2004). All these
applications use Malliavin derivatives of first and higher order and are con-
cerned, in some way, with increasing the convergence speed of Monte Carlo
schemes. The transformation we propose offers a solution that improves the
rate of convergence of numerical estimates of Malliavin derivatives.

The next section of the paper details the univariate case. Section 3 con-
siders multivariate diffusions. Section 4 summarizes asymptotic properties
of estimators and provides a numerical illustration of the benefits of the
transformation.

2 Malliavin derivatives of univariate diffusions

Consider a stochastic process Y that satisfies the stochastic differential
equation
dY: = p(t,Yy)dt + o(t,Y:)dWy; Yy given (2.1)

where W is a Brownian motion process and the coefficients (¢, y) : [0, T] x
R+— Rand o(t,y) : [0, T] xR +— Ry satisfy Growth and Lipschitz conditions
for the existence of a unique strong solution to (2.1). We also assume that o
is bounded away from 0. Following Lamperti (1964), Gihman and Skorohod
(1972) and Doss (1977) we consider a new state variable Z; = F(t,Y%)
where the function F': [0, 7] x R — R is selected so that 92 F = 1/0, where
0o F = OF/0Y . Since o(t,y) > 0 we can define the inverse transformation
y = G(t, z). With this definition the relation Y; = G(¢, Z;) holds.

Using doo F' = 09 (1/0) = — (020) /o? along with Ito’s lemma shows that
Z satisfies the equation

1
Az, = g — 3020 + O F | (8, G(t, Z)dt + dW;, (2.2)

which has unit volatility coefficient.

The representation of Y as a function of a diffusion Z with unit volatil-
ity is closely related to a construction proposed by Doss (1997). Doss es-
tablishes the existence of a function h, solving d2h = o(t, h), and a process
D satisfying another ODE such that Y; = h(¢t, Dy, W;). It can be shown
that h(t,d,w) = G(t,g(d,w)) where G solves .G = o(t,G) and where
g(d,w) = d+w. Clearly, with Z; = D; + W;, we obtain Y; = G(t, Z;) where
Z solves an SDE with identity volatility coefficient.
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Theorem 2.1 Suppose that the following conditions hold: (i) differentia-
bility of drift, p € CL([0,T] x R), (i) differentiability of volatility, o €
C%([0,T] x R), (iii) growth condition, u(t,0) and o(t,0) are bounded for all
t €[0,T). Then, for s >t,

DyY, = o(s,Ys) exp [/ [azu“a” . 00
t

— 5(8220)0 — T] (v,Yy)dv]| .
(2.3)

Note that (2.3) is expressed entirely in terms of Riemann-Stieltjes inte-
grals of first and second derivatives of the coefficients of Y. Formula (2.3)
is therefore easily computed using standard methods to approximate the
Riemann integrals involved.

Proof Let F : [0, T]xR +— R such that 92 F = 1/0. Using 022 F = 05 (1/0) =
— (020) /0? and Tto’s lemma implies

1
dF(t,Y;) = [g — 5020 + 61F} (t,G(t, Zy))dt + AW, (2.4)

where G is the inverse function G(t, F(t,y)) = y and Z; = F(¢,Y:). Applying
the chain rule of Malliavin calculus shows that D;Z, solves the stochastic
differential equation

dDyZy = 0y [H - %820 + 81F] (5,G(5, Z5))2G (s, Zs)Di Zods — (2.5)

g

for s > t, subject to the boundary condition lims__.; D;Zs = 1.
But Y; = G(s, Zs), so that

D:Ys = 02G(8,Z5)D: Zs = 0(8,Ys)Di Zs. (2.6)
where the equality on the right hand side follows from
hG(s, F(s,Y5))02F(s,Ys) = 1. (2.7)

Solving (2.5) for D, Z, and substituting in (2.6) gives the expression in the
theorem. 0O

We now provide a characterization of higher order derivatives. The j*"
order Malliavin derivative operator with respect to Wi, ,..., Wy, will be
denoted by Dz _— tj}Y;. To state the result we introduce the following no-
tation. First, define a function A : [0,7] x R — R such that

1
Alt,2) = |2 - 5020+ F| (1,G(t,2)). (2.8)
o
For differentiable functions we write AW (t,2) and G (t,z) for the j*
derivative with respect to z. Second, for a set with j elements {¢1,...,¢;}
and a number 1 < k < j let P({t1,...,t;})(k) be the set of partitions of
{t1,...,t;} into k nonempty subsets {I1, ..., I }. We have,
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Theorem 2.2 Suppose that the following conditions hold: (i) infinite dif-
ferentiability of drift, p € C=([0,T] x R), (it) infinite differentiability of
volatility, o € C*([0,T] x R), (iii) growth condition, u(t,0) and o(t,0) are
bounded for all t € [0,T]. Then, for j > 2,

k
card(I,
{th iy Ye= ZG(k)sZ) > 12 Wz (2.9)
{1y I FEP ({100t 1) () 1=1

where card(I;) is the number of elements in the subset I; and

J k
TRRER) oY CICPA ND DI ) A
k=1 {I1, o I YEP ({1, P (k) 1=1

(2.10)
forall s >t; > ... >t, subject to the boundary condition
Jim DYy, iy Zs =0, (2.11)

Proof Theorem 2.1 showed that D}, Y, = G (s, Z,)D}, Zs where dD}, Z, =
AW(s, Z,)D}, Zsds subject to lim,_;, D} Z, = 1. Using the chain rule of
Malliavin calculus and assumptions (i)-(ii) gives, for j = 2,

D}y, 10y Ye =GP (s, Z,) (D}, Zo x DL, Z0) + GV (5, Z)DY,, 4y Ze (2.12)
where .G (s, Z,) = G (s, Z,) and

D%, 1y Zs = (A<2> (5, Z.) (DL, Zs x DL Z) + AW (s, ZS)fotm}ZS) ds
(2.13)
for s >ty > t1, subject to the boundary condition lim, ., D?thtz}ZS =0.
For j = 3, we get

D}y, 1y15yYe = GO (s, Z,) (D}, Zs x D}, Zs x Dy, Zs)

Z
+G(2 (s, Zs ( {tl,tQ}Zs X DtsZs)
+G W (s, Z0)D}y, 4y 10y Zs (2.14)

+GO (s, 2,) (D{tl 1) %0 X DL Z, + DL 7, < Dy, 11 2,)
)

where D?thh}ZS is given above, D?thm}ZS and D%tmts}ZS satisfy similar
equations, and the third derivative D?t £ 1tS}ZS solves

dD},, 4,151 %s = AP (s, Z,) (D}, Zs x D}, Zs x Dy, Zy) ds

+AD (5, Z,) ( 2ty Zs D}2Zs) ds
+A® (s, Z,) (Dglz X D3y, 0y Zs ) ds
+A® (s, Z,) (D{tl 1y Zs X D} Z)ds
+AW (s, Z)DYy, 4, 101 Zeds. (2.15)
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Collecting terms and using the definition of P({t1,...,¢;})(k) leads to the
expressions stated in the theorem. Repeated differentiation gives (2.9) and
(2.10) for the general case. O

For the special case t; = ... = t; the inside sums can be simplified. With
the notation |
) 4!
J = <
Cotyovin = i1l X . X i) (2.16)

where j = i1 + ... + i we can write,

Corollary 2.1 Suppose that the following conditions hold: (i) infinite dif-
ferentiability of drift, p € C=([0,T] x R), (it) infinite differentiability of
volatility, o € C>=([0,T] x R), (i) growth condition, u(t,0) and o(t,0) are
bounded for all t € [0,T]. Then, for j > 2,

J k
DY, => GW(s,z) > TPz (2.17)
k=1 1<ig)<...<ip<j =1
J=t1+...+ig
where
J k )
D}z, =Y | AW(s,z,) > Iz |ds  (218)
k=1 1<ip<...<ip <j =1
J=t1+...+ik

for all s > t, subject to the boundary condition limg__; D{Zs =0.

Proof Consider the case j = 3. When k = 1 the set of partitions

P({t1,t2,t3}1)(1) = P({t, £,1})(1) (2.19)

has one element, Iy = {t,t,t}, of cardinality card(Il;) = 3. Accordingly,
C? = (3§ =1. For k = 2 the set of partitions is

P({t1,t2,t33)(2) = {{(t1), (t2, t3)}, {(t2), (t1,t3)}, {(t3), (ta,t2)}}
= {{(®), (&, O} {®), &} {(), ¢ t)}} (2.20)

Each of these partitions has two sets with respectively 1 and 2 elements.
Here Cf’l in 01372 = 3 and there is only one set of indices 41,42 such that

3=141+iyand 1 <14y <iy9 < 3. Thisis i1 = 1 and iy = 2. The inside sum
then equals

k
oo L IIpiz.= > ¢, (Diz. xDpz)

1<ig<...<ip <j =1 1<ig <in<3
J=t1+...Fig J=ti1+i2
2
= 3D} Z, x D?Z, (2.21)

as it should be. The formula can be verified for j > 3 in a similar manner.
O
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3 Multivariate diffusions

This section extends the results to a multivariate setup. We consider a d-
dimensional process Y that satisfies the system of SDEs

dY: = p(t,Yy)dt + o(t,Y:)dWy; Yy given (3.1)
where W is a p-dimensional Brownian motion process and the coefficients
p(t,y) [0, T] x RY = RY and o(t,y) : [0,7] x R? — R? x RP satisfy Growth
and Lipschitz conditions.

For any d x 1 vector of differentiable functions f(¢,Y") let 01 f represent
the d x 1 vector of first derivatives relative to time and 0z f the d x d matrix
whose rows are composed of the gradients relative to Y of the elements
of f. For any function G : [0,7] x R? - R? and a differentiable matrix
o(t,y) : [0,T] x R? » R? x RP define the operator

d
1
MG = plt, G) = 016G — 5 > 0y04(t, Gy (t, G) (3.2)
j=1
where (¢, G) is the j' column of the matrix o(t, G).
The Malliavin derivative of Y has the following representation.
Theorem 3.1 Let p = d and suppose that the following conditions hold
(i) differentiability of drift: u € C1([0,T] x R%)
(ii) differentiability of volatility: o; € C*([0,T] x R?) for all j =1,...,p
(i11) growth condition: u(t,0) and o(t,0) are bounded for all t € [0,T]
(iv) volatility conditions:
(iv-a) commutativity: the Lie algebra of the vector fields generated by the
columns of o, L{01,...,0q}, is Abelian, i.e. (020;)0; = (020;)0;
(iv-b) rank condition: rank(c) = d a.e.

Under these conditions there exists an invertible function G : [0,T] x R
R?, solving the total differential equation,

0.G(t,z) =0(t,G(t, 2)); G(t,0) =0 forall t€[0,T] (3.3)
and a d-dimensional process Z that satisfies
dZs = A(s, Zs)ds + dWy; G(0,7Zy) =Y, (3.4)
with drift function
A(t, 2) = o(t,G(t,2))  AG](L, 2), (3.5)

where the operator A; is defined in (3.2). For all s > t the Malliavin deriva-
tive of Y is given by

DtYS = U(S7G(S7 Zs))DtZS) (36)
where Dy Z s solves the stochastic differential equation

dDyZ, = 02A(s, Zs)DiZods;  limD,Z, = Iy (3.7)

with I the d-dimensional identity matriz.
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The commutativity condition in assumption (iv-a) corresponds to the
Frobenius condition in Doss (1977) (see the proof of his Lemma 17), which
guarantees that the total differential equation (3.3) is completely integrable
(see Hartman (1982), p. 118, for a definition). Given that o is Lipschitz by
assumption, the commutativity condition on the columns of the volatility
matrix is necessary and sufficient for the existence of G (see Doss (1977),
Lemma 17). As ¢ has both full row and column rank, G corresponds to
the inverse of a function F that solves 0o F = o~ '. If the volatility coeffi-
cient satisfies the rank condition, the commutativity condition is necessary
and sufficient for the existence of F' as well. In addition, the rank condition
implies that there exists a unique Zy such that G(0, Zp) = Yp. The commu-
tativity assumption is automatically satisfied if the state variables do not
interact with each other, i.e. if (¢, Y;) = 0;(¢,Y;) for j = 1,...,d. The one
dimensional case treated before falls in this category.

Proof The Lipschitz condition on ¢ and the commutativity assumption (iv-
a) imply that there exists a function G' which solves (3.3) (see Doss (1977),
Lemma 17). The rank condition (iv-b) implies that 02G(0, Zp) is a linear
isomorphism, i.e. det(92G(0, Zy)) = det(c(0,G(0, Zy))) # 0. Thus, by the
inverse function theorem, there exists a unique Zy such that G(0, Zp) = Yp.
To complete the proof it remains to establish the existence of a drift function
A [0, T]x R4 — R? for the diffusion Z, such that G(t, Z;) = Y; for all t > 0.
Applying Ito’s rule on both sides of G(¢, Z;) = Y; yields

d
NG(t, Z)dt + 8.G(t, Z;)dZy + % > 3Gt Z)d( 2, 2], = dY:  (3.8)

ij=1

where 97, = 9°/02;0z;. Invoking (3.3) again and the representation (3.4)
enables us to write

dY} = 61G(t, Zt)dt + O'(t7 G(t7 Zt))dZt

d
% > 0a0;(t, G(t, Z1))os(t, G(t, Zy))dt (3.9)

j=1

where o;(t,G(t, Z;)) is the j" column of the matrix o(t, G(t, Z;)). For this
equation to hold A must solve the equation

o(t,G(t, 2))A(t, z) = [A:G](t, z) (3.10)

where the operator A4; is given in (3.2). The rank condition on o then gives
(3.5), and a straightforward application of the rules of Malliavin calculus
establishes (3.6)-(3.7). O

Remark 3.1 The proof of Theorem 3.1 shows that the rank condition (iv-b)
is used to find a unique drift, given by (3.5), for the process Z and a unique
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initial value Zy solving G(t, Zy) = Y. A version of the theorem can also be
established when the solution of (3.10) exists, but is not unique, and the set

La(Yo) = {2z € R : G(0,2) = Yy}, (3.11)

is not empty. To see this note that a drift function exists if and only if
[A:G](t, 2) € M(o(t,G(L,2))), where the operator A; is given in (3.2) and
where M(0) = {y : y = ox, © € R%} is the vector space spanned by the
columns of ¢. Since [A;G](t, z) € M(o(t,G(t, 2))) if and only if

o(t,G(t, 2))o(t,G(t, 2)) T[AG](t, 2) = [AG](L, 2), (3.12)

where o is the Moore-Penrose (MP) generalized inverse of o (see Magnus
and Neudecker (1988), p. 32, for a definition), we obtain

AQN(t, 2) = o(t, G(t, 2)) T[AG](t, 2) + Q(t, 2)
—o(t,G(t, 2))Ta(t,G(t, 2))Q(t, 2) (3.13)

for some arbitrary function @ : [0, 7] x R% — R9,

To establish that G(0,Zy) = Yy for some Zy we rely on the implicit
function theorem which states that the level set (3.11), which describes the
set of admissible initial conditions Zy, is a non-empty manifold if the linear
mapping 2G(t, Zo) is onto. Therefore, if L (Yy) # 0, but the rank condition
fails, the initial value of the diffusion Zy € Lg(Yy) and thus Z itself is not
unique. If 952G is not onto we can proceed as in Remark 3.3 below.

Our next remarks briefly discuss extensions of the results to cases where
the volatility matrix fails to satisfy the conditions in (iv) of Theorem 3.1.

Remark 3.2 Let d < p and suppose that o : [0,7] x R? — R? x RP has
full row rank (rank(c) = d < p, a.e.) and is commutative. Remark 3.1
shows that the solution set Lg(Yp) is no longer a singleton, and (3.10)
has an uncountable number of solutions A(?) : [0,7] x RP + RP that can
be constructed with o+ = ¢’/(00’)~!. The process Z is a p-dimensional
diffusion of the form (3.4) with drift A@) and initial value Z, € La(Yo).
The Malliavin derivative of Y is given by the formulas in Theorem 3.1 with
A replaced by A(@).

Remark 3.3 Let p < d and suppose that o : [0,7] x R? — R% x RP has full
column rank (rank(c) = p < d, a.e.) and is commutative. Equation (3.10)
and the nonlinear equation G(0, Zy) = Yy are overdetermined and therefore,
if (3.12) fails and 092G is not onto, both equations have no solution. In
this case, we can embed Y in X’ = [Y', V'], where V is a ¢-dimensional
diffusion, ¢ = p — d, with coefficients (1", ") such that (¢%) = [¢’, (¢")']
satisfies assumption (iv) of Theorem 3.1. An application of Theorem 3.1
to X shows that there exists a p-dimensional diffusion Z with drift A(V)
and volatility coefficient I,,, such that X, = G\)(¢, Z;). Taking G(t,2) =
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[ (-V)(t, Z)]i=1,....a to be the first d components of GY) we obtain Y; =

K2

G(t, Z;) where
dzy = AV)(t, Z,)dt + dWy;  G(0, Zp) = Yo (3.14)

Hence,
DY, = 0.G(t, Z)D Zs, (3.15)

for s > t, where
dDyZ, = 9, AV ) (s, Z,)Dy Zods (3.16)

subject to the boundary condition lims_.; D;Z, = I,. With the particular
selection of the g—dimensional Brownian motion V' = [Wg41,...,W)] as
an auxiliary process we obtain

(o' (t, G(¢, 2) T AG(E, 2)

AV) (t, z) = 0 ,
q,1

(3.17)

where o = [0}, 0?] with o' = [01,...,04], and 02 = [0441,...,0p)].

Remark 3.4 Let p = d and suppose that o : [0,7] x R? s R? x R has
full rank but fails to be commutative. Also suppose that (i) there exists a
function B : [0,T] — R? such that o(t,y)B(t)* B(t) = o(t,y) and that (ii)
the rotated volatility matrix o(P)(t,y) = o(t,y)B(t)* is commutative, i.e.
((Bf) @ 13)(020)0 B = ((Bf")' @ 14)(020)0 B for alli,j =1,...,d ( see
Magnus and Neudecker (1988) for a definition of the Kronecker product ®),
and satisfies

[U(B) (U(B))+](t7 G(B) (t7 Z))[AtG(B)](t7 Z)) = [AtG(B)](t7 Z)v (3'18)

where G(P) solves (3.3) with o(#) in place of o. Then, if Lgs) (Yp), defined
for Yy and G(P) as in (3.11), is non-empty, Theorem 3.1 applies to ensure
the existence of a function G®) such that G(P)(t,Z;) = Y;, for all t €
[0,T], where Z is a diffusion process with initial value Zy € Lgo) (Y0),
deterministic volatility function B(¢) and drift function

APt 2) = 0P (2, GP) (1, 2)) T [AGP](E, 2) + Q(¢t, )
7[(0—(3))+U(B)](taG(B)(taZ))Q(taz)’ (319)

for some function Q. (Note that if B is of full rank ¢(5) is of full rank as
well. In this case A(%Q) = AB) where

APt 2) = oB)(t, GP) (¢, 2)) AGCP(t, 2), (3.20)

and L) (Yp) is a singleton). The Malliavin derivative of Y is given by the
formulas in Theorem 3.1 with (G, A) replaced by (G(P), A(B:@)) and the
limiting condition lims_,; D;Zs = B(t) in (3.7). Alternatively, if (3.18) is
not satisfied, we can proceed as in Remark 3.3 with o replaced by (%),
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We now present results for higher order derivatives. The j* order partial
Malliavin derivative operator with respect to Wiener processes Wy, , ..., W,
will be denoted by D{(t1,l1)7 NORRIE For differentiable functions we write
(A 2) and (G,
to {zn,, ... »2n, )

hoy (t, z) for the j! derivative with respect
J

.....

Theorem 3.2 Suppose that the following conditions hold: (i) infinite dif-
ferentiability of drift, u € C=([0,T] x RY), (ii) infinite differentiability of
volatility, o € C*([0,T] x RY), (iii) growth condition, u(t,0) and o(t,0) are
bounded for all t € [0,T], and condition (iv) of theorem 4. Then, for j > 2,

7 d
(k)
H(]) Z Z (Gi){hl,...,hk}(s7zs)

k=1h1,....,hp=1

card(l,
x > HD U s (3:21)
{I,- I }eP(H(H)) (k) I=1

where P(H (5))(k) is the set of all partitions of the set H(j) = {K1,...,K,}
with Ky = (tm, lm) into k nonempty subsets {I, ..., I;.}, where t(In, k) =
min{min{n : K,, € I, },k}, and where

7 d

k
dDJ zs — Z Z (Az)ih)l ,,,,, hk}(svzs)

k=1h1,...hp=1

k

card(I
x > [T 2, ,, ) eds (3.22)
{I,. I YEP(H () (k) 1=1

subject to the boundary condition

éhén%* DH(J)Z =0 (3.23)
for all t* < max{ti,...,t;}.
Proof Theorem 3.1 showed that
d
1
DlyiyYis = 3 (G (s, Z)DY, 1) Zny.s (3.24)
hi=1
where
d
1
DY, 1 Zis = Y (A3 (5, Z)DYy, 1)) Zny sds (3.25)
h1=1
subject to the boundary condition
11m D(tl ll)Zh17 =1 (326)

s—t1
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for all hy = 1,...,d. Using the chain rule of Malliavin calculus and assump-
tions (i)-(ii) gives

d

2 _ (2)
D{(tlﬁll)y(tmlz)}zias = Z (Gi){hl,hZ}(saZs)
i ha=1

x (D(lt ll)Zhlas X D(th,lz)Zh275)

" Z (5: Z) DYty 1) (2,12)) Zha,s (3:27)
hi1=1

where O, (G; )(1)(5 Zs) = (Gi)fh)l hz}(S’Zs) and

d

2 _ (2)
d,D{(tl,ll)y(tmlz)}Zias - Z (Ai){hhhz}(sazs)
i ha=1

x (Dbl,mzm,s x D(lwz)zhm) ds

d
1
+ Z (Ai)gn) (8, Z)DY (1114 (1.1)} Zha 58
him1

(3.28)

subject to the boundary condition limg__ ¢« D%(tl 1), (t2 12)}Zh1,s = 0 for any
t* < max{t;,ta}, and for all hy =1,...,d.
For j = 3 we get

d
3 _ (3)
D{(tl,ll)y(tmlz),(tz,ls)}nas - Z (Gi){h17h2,h3}(s7ZS)Kh17h2,h37S
ha.ha ha=1

d
(2)
+ Z i) {h1hoy (50 Zs) Ky hos

hl ho=1
+ Z {h } Zs)
x (D{(t1,ll),(tl,lZ),(tng)}Zhl,s) (3.29)
and
d )
3
dD?(h,l1),(tz,lz),(tg,lg)}zi75 = Z (Ai>§{h1,h27h3}(sa ZS>Kh1,h2,h3,Sd5
h1 hz hs=1

+ Z {hl hz} S ZS>Kh17h2ﬁsd8
hi,he=1
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d
+ 3 (A)])(s Z4)

hi1=1

x (D?m,ll>,<t1,z2>,<t3,zg>}Zh1,s) ds  (3.30)

— Nl 1
where Khl,hg,hg,s = D(tl,ll)Zhlvs X D(

1
tz,ZQ)ths X D(tg,,lg)ZhSaS and

Khyhois = D{iy 1) Zhass X Dty o) (ts.15)) Zhos
1 2
FDt3,05) Zhzss X D{(t1,10),(ts,10)} Zha s
+D(1t3,l3)Zh275 X D?(tl,ll),(tQ,lz)}Zhlﬂs' (331)

Repeated differentiation leads to the general expressions in the theorem.
O

4 Asymptotic properties and numerical results

The usefulness of the change of variable and of the characterizations pro-
vided stems from the properties of simulation-based estimators of (Y, DY').
This section briefly reviews the convergence properties of those estimators
and provides numerical illustrations of the results.

4.1 Error properties

Consider the d-dimensional random variable Y7 given by the terminal value
of the solution of the SDE (3.1). To simplify the notation we assume that
the coefficients are time independent. The Euler approximation of Y7 is

N-1 N-1 d
v = Yo+ S uvh+ 3 S oy (vawd, (4.1)
n=0 n=0 j=1

where 7;(y) is the 5" column of o(y), h = T/N, AW/, = W(jnﬂ)h -wl,
and N is the number of discretization points selected. The asymptotic error
distribution follows from Rootzen (1980), Kurtz and Protter (1991) and

Jacod and Protter (1998).
Theorem 4.1 (Kurtz and Protter (1991)) The error Y2 — Yr satisfies
VN (Y —Yr) = e where

d
Y 1 /T -1 h,j
=——=1 02 g 0o Y,)dB," 4.2
€r \/5 T o v . [ J]Jh]( ) ( )

J=1
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with [Bh’j]hyje{k ,,,,, ay @ d? x 1 standard Brownian motion independent of W
and 0o a d x d matriz of derivatives of o; with respect to Y. The matriz
2 is given by

v d d v
2, =exp / [Ou — % Z 90 (90,)"1(Ys)ds + Z/ 9o (Ys)dW?
0 = =iJo

(4.3)
where Ou is the d X d matriz of derivatives of the vector u with respect to
the elements of Y.

Theorem 4.1 shows that the error converges in law, at the rate v'N, to
the random variable e, as the number of discretization points N becomes
large. The asymptotic error e¥. depends on the coefficients of the SDE and
on their derivatives. It also involves a new Brownian motion, [B"7], which
is orthogonal to the original Brownian motion process W.

The transformed process Z; = F(Y;) satisfies dZ; = A(Zy)dt+dWy; Zy =
F(Yy) and has Euler approximation

N—-1 N—-1
Zy =Zo+ > AZNIh+ > AW, (4.4)
n=0 n=0

The asymptotic error distribution is given in Detemple, Garcia and Rindis-
bacher (2004).

Theorem 4.2 (Detemple, Garcia and Rindisbacher (2004)) The er-
ror ZN — Zr satisfies N(ZN — Zr) = €% where

, o~ (T 1 1 1<
e = QT/O Q7Y0A(Z,) 502 + \/ﬁdBv—i— 2;_:1 OunA(Zy)ds
(4.5)
Here B is a d x 1 standard Brownian motion independent of W and [B"7],
0A(Z) = [01A(Z), ...,04A(Z)] is the d x d matriz with columns given by
the derivatives of the vector A(Z), and 01, A(Z) the d x 1 vector of cross
derivatives of A(Z) with respect to arguments I, k. The d x d matriz !AZU 18

2, = exp ( / 8A(Z5)ds) : (4.6)
0
Applying the inverse transformation gives
N(G(27') — G(Zr)) = o(Yr)eF. (4.7)

Theorem 4.2 shows that the speed of convergence increases after appli-
cation of the change of variables. Also, the limit law is different and involves
exponentials of a bounded variation process instead of a stochastic integral.
The convergence rate 1/N attained by G(ZY) corresponds to the conver-
gence rate of the Euler scheme applied to an ordinary differential equation.
This is the best rate that can be attained with this scheme.
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4.2 A numerical example

We now illustrate the convergence results in Theorems 4.1 and 4.2 with
an example. Suppose that Y follows a process with Constant Elasticity
of Variance (CEV), dY; = uYidt + o¥,"dW; where Yy > 0 is given. The
Malliavin derivative DY solves the linear equation dD;Y; = u(D;Y;)ds +
oY~ Y(D,Ys)dW; subject to lim,_; D;Ys = oY,

The transformed process Z = Y17 solves

1 _
dZ; = (1 —7) (uzt - 57022;1) dt + (1 —y)dWsy; Zo=Yy 7 (4.8)
and its Malliavin derivative satisfies
1
dD:Zs = (1 — v)D: Z, (u + 570242) ds (4.9)

subject to lim,_; D:Zs = o(1 — 7). Applying the inverse transformation
gives Y, = Z+/7 and DY, = (1/(1 — ~)) 22/ "D, Z, for all s € [0, T).

The numerical experiments compare estimates of Y and D;Y based on
the original processes to those obtained by the transformation. Distributions
of errors and error statistics (e.g. Root Mean-Squared Error and Mean Abso-
lute Error) are computed for different discretizations N of the time interval
[0, T, using a Monte Carlo (Euler) scheme. For example the estimate of the
Mean Absolute Error for the Malliavin derivative is

M
N 1 . .
€(N, M) = BM |DYYr — DoYr| = > ’DéV’ZYT ~Dive|  (4.10)
1=1

where DoYr is the true value of the derivative, DYz its approximation
based on N discretization points, and EM is the empirical mean (for the
evaluation of numerical estimates of Y we use (4.10) with Y% and Y7 in
place of DY Yy and DoYr). The computation of ¢(N, M) requires the true
value of the derivative which is usually not known. Fortunately, Monte Carlo
simulation can be used for that purpose as well since estimates with and
without transformation both converge to the true value as N becomes large.
Accordingly, we compute the benchmark true value from a very fine dis-
cretization. We then calculate the difference between this benchmark and
the Euler estimates, with and without the transformation, for different val-
ues of N. Estimates of Root Mean Square Errors are computed using a
similar procedure.

Parameter values were selected as y = 0.10, 0 = 0.20,vy = 1.20, Yy, = 0.10
and T = 1. For Monte Carlo estimates of expectations we used M = 25,000
trajectories. The benchmark true values were computed using the method
without transformation with N = 24,

Figures 1-4 and Table 1 illustrate the results. The figures graph the em-
pirical distribution of 25,000 replications of the error estimates Y — Yr
and D) Yr — DoYr, for N = 2% with x = 1,...,6, based on the methods
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Fig. 4.1 Distribution of the Error Y — Y7 using the Euler scheme without
transformation.
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Fig. 4.2 Distribution of the Error Y — Y7 using the Euler scheme with trans-
formation.
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Fig. 4.3 Distribution of the Error D(I)VYT — Do Yt using the Euler scheme without
transformation.
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Fig. 4.4 Distribution of the Error DéVYT — DoYr using the Euler scheme with

transformation.
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Table 4.1 Error estimates for a CEV process and its Malliavin derivative. Esti-
mates are reported for the method without (columns 2 and 4) and with transfor-
mation (columns 3 and 5). The top panel gives the Root Mean Square Error, the
middle panel the Mean Absolute Error and the bottom panel the Absolute Error
Probability (probability of an absolute error larger than 0.1% of initial value).

Error estimates for N = 2
X | Yr G(Zr) | DoYr | DoG(ZT)
Root Mean-Squared Error
2 | 8.8117114e-04 6.1619880e-05 1.5111781e-04 | 9.3893084e-06
3 | 5.9067315e-04 | 3.2494544e-05 | 1.0282300e-04 | 5.0442477e-06
4 | 4.0364020e-04 | 1.9422254e-05 | 7.0938771e-05 | 3.1474082e-06
5 | 2.7945076e-04 | 1.4372872e-05 | 4.9363312e-05 | 2.4505407e-06
6 | 1.9644969e-04 | 1.2732531e-05 | 3.4797045e-05 | 2.2318379e-06
Mean Absolute Error
2 | 6.1439138e-04 | 4.6034409e-05 | 1.0605937e-04 | 6.8902757e-06
3 | 4.3348976e-04 | 2.4345276e-05 | 7.5672567e-05 | 3.7306049e-06
4 | 3.0577428e-04 | 1.4723597e-05 | 5.3709545e-05 | 2.3736093e-06
5 | 2.1533142e-04 | 1.1110502e-05 | 3.7966469e-05 | 1.8906215e-06
6 | 1.5238578e-04 9.9678655e-06 2.6910408e-05 | 1.7414161e-06
Absolute Error Probability (0.1% level)

2 | 8.9428000e-01 | 1.0412000e-01 | 9.2384000e-01 | 1.4972000e-01
3 | 8.4980000e-01 | 9.2000000e-03 | 8.9248000e-01 | 2.6160000e-02
4 | 7.9108000e-01 2.0000000e-04 | 8.4924000e-01 | 1.9200000e-03
5 | 7.0204000e-01 | 0.0000000e+00 | 7.8808000e-01 | 1.6000000e-04
6 | 5.9176000e-01 | 0.0000000e+00 | 6.9424000e-01 | 8.0000000e-05

without and with transformation. The table reports the Mean Absolute
Error, the Root Mean-Squared Error and the Probability that Absolute Er-
ror exceeds a threshold equal to 0.1%. In all cases the error is displayed as
a function of the parameter N. The results show the higher convergence
speed of estimates based on the transformation. For instance columns 2
and 4 of the table show that the speed of convergence of the Euler scheme
(without transformation) is roughly of order 1/+/N. Columns 3 and 5 ex-
hibit a convergence speed of about 1/N when the transformation is used.
This numerical example illustrates the theory and confirms the increased
convergence speed when the transformation is applied.

5 Conclusion

In this paper we developed representation formulas expressing Malliavin
derivatives of diffusions in terms of solutions of ODEs. Characterizations
of this type are useful for various purposes, in particular for numerical im-
plementation. Computations based on our formulas can benefit from the
faster convergence speed of numerical methods for ODEs. Numerical exper-
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iments conducted illustrate the theoretical convergence results for the new
representation.

Efficiency is a central issue for simulation-based methods. Approxima-
tions of Malliavin derivatives had previously been calculated using a Euler
scheme for SDEs. The resulting estimates converge at a slower rate than
those based on the representation proposed in this paper. Moreover, the
control of errors for numerical solvers of ODEs is well understood and soft-
ware packages for higher order methods, like Runge-Kutta methods, are
readily available.

Malliavin derivatives of first and higher order are increasingly used in
financial applications such as risk management and asset allocation. Indeed,
the use of Malliavin calculus permits the derivation of appealing formulas
for the "greeks” of options or the optimal portfolio shares in asset allocation
problems. Implementation of these formulas often becomes a simple mat-
ter of applying Monte Carlo methods, even for large scale problems with
nonlinear dynamics and significant number of state variables. Additional
applications that have been developed in the recent literature include the
representation of densities and conditional expectations as well as the nu-
merical resolution of backward stochastic differential equations. In all these
applications accurate methods for the computation of Malliavin derivatives
are essential.
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