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Abstract

This paper proposes a class of empirical methodologies for pricing and hedging

options based on implied asset prices and volatilities. For a given set of option

prices written on the same asset, the methods simply invert the usual Black-

Scholes formula to find implied asset price and volatility functions which satisfy

theoretically-rationalized constraints on the shape of the option’s payoff function

and on the shape of the implied volatility smile. The out-of-sample performances

of these new methods are compared with both simulated and actual option data.

The methods proposed in this paper are found to have significantly smaller dollar

pricing errors compared to the performance of the so-called practitioner’s Black-

Scholes model which uses only unconstrained implied volatilities.
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1. Introduction

In applying option pricing models, practitioners encounter the difficulty that some

of the parameters may be unobservable. In the benchmark Black and Scholes

(1973) model (BS model hereafter), the volatility of the underlying stock price

is not directly observed and therefore needs to be “estimated”. While there are

several statistical methods to estimate the underlying asset’s price volatility, an

alternative and common approach consists of extracting the volatility implied by

an option price observed in the market. While the theoretical BS model implies

that one option should be sufficient to recover the volatility parameter, it is com-

mon practice to extract in a given day as many volatilities as there are option

prices available. For a given set of option prices πit with strike prices Kit written

on the same asset, BS implied volatilities σ∗it are defined through:

πit = BS(St, Kit, σ
∗
it),

where St is the price of the underlying asset observed at time t. It is also typical

to estimate a smooth relation by regressing the implied volatilities on a measure of

“moneyness” and on time to maturity as in Dumas, Fleming and Whaley (1998).

The fitted relation, often called the volatility smile, is then used for subsequent

option pricing and hedging.

Another strand of the literature suggests to use the BS option pricing model

to calculate jointly implied stock prices and implied volatilities. Manaster and

Rendleman (1982) and Longstaff (1995) inverted the BS model to estimate both

implied asset prices and volatilities and found that asset prices implicit in option

premia contain information about the equilibrium asset price which is not fully

reflected in the observed asset price. To explain these results, they argue that,

in the presence of transaction costs or other market frictions, the asset price

implicit in option premia may differ from the price observed in the market for the

asset. While their methodology consists in extracting average implied stock price

and volatility based on a set of options, one could exploit better the information

contained in the set of implied stock prices and volatilities obtained from a given

set of observed option prices

This paper provides a simple and parsimonious parametric methodology to
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exploit the information contained in implied stock prices and volatilities to con-

struct better pricing and hedging strategies. Given a set of option prices written

on the same asset, the method simply inverts the BS model to find implied as-

set prices and volatility functions which satisfy constraints on the shape of the

option’s payoff function and on the shape of the implied volatility smile. The

approaches proposed by Manaster and Rendleman (1982) and Longstaff (1995)

compute estimates of the implied parameters by minimizing the sum of squared

deviations between predicted and actual option prices for a set of options. Such

approaches, however, appear too global to capture not only the well-documented

implied volatility smile but also the structure of option prices with respect to

implied asset prices.

In a first section, we provide generalized BS models which can rationalize the

fact that the implied stock price differs in equilibrium from the observed stock

price. In these models, volatility will be stochastic. This randomness will also

rationalize the observed volatility smile. A main ingredient of these models is the

presence of an unobserved state variable which makes the option price an expec-

tation with respect to this source of randomness. An important result is that a

stochastic scaling factor of the stock price appears in the expectation. In Fouque,

Papanicolaou and Sircar (2000), where the unobserved state variable is the volatil-

ity, the scaling factor is the result of a volatility risk premium and of a leverage

effect coefficient ρ between the innovations in returns and volatility. In Garcia,

Luger and Renault (2003), where the state variable affects the consumption and

dividend processes in an intertemporal option pricing model, the stochastic scaling

factor of the stock price includes the stochastic means, variances and covariances

of the consumption and dividend processes. Our procedure allows to recover in

a deterministic fashion these stochastic scaling factors which make the difference

between the implied and the observed stock prices.

To assess the out-of-sample performance of these new methods and better

understand the sources of the potential improvements over the traditional so-

called practitioners’ BS methodology, which will be one of our benchmarks, we

simulate option prices in the jump-diffusion models estimated recently by Pan

(2002). Thanks to several of these models we will illustrate how the presence of risk

premia will be reflected in the performance differences between our methodology,

which captures the distortions of the implied price and volatility, and simpler
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methodologies which do not. This simulated environment will help to point out the

practical cases in which our methodology is most likely to lead to a performance

improvement.

The second empirical exercise consists in applying our methodology to actual

S&P 500 index option data. We separate our set of option prices into several

categories of moneyness and time to maturity and conduct our experiment over

nine years of daily data. We find significantly smaller dollar pricing errors com-

pared to the performance of the practitioners’ BS model which uses only implied

volatilities.

The remainder of this paper is organized as follows. Section 2 reviews gener-

alized BS models which serve as a theoretical background to the new empirical

methodology we propose. Section 3 assesses the empirical performance of such an

approach for simulated and observed option price data. Section 4 concludes.

2. Implied Asset Prices and Volatilities

In this section we will start by recalling theoretical models which generalize the

basic BS model. The most popular extensions of the BS model is the stochastic

volatility models of Hull and White (1987) and Heston(1993). We will see below

that if the risk of volatility is priced and if innovations in returns are correlated

with innovations in volatility, the stock price in the pricing formula will be ad-

justed by a scaling factor. We will also provide an example of an intertemporal

equilibrium option pricing model proposed by Garcia, Luger and Renault (2003)

where the stock price is scaled by a stochastic factor in a generalized BS pricing

formula. These models provide a rationale for using empirical methodologies to

extract from observed option prices not only implied volatilities, as it is currently

the practice, but also implied stock prices. We develop therefore a new approach

that will provide practitioners with a way to improve upon the current so-called

practitioners’ Black-Scholes methodology, which is a procedure based solely on

implied volatilities.

2.1 Generalized Black-Scholes Models

The canonical stochastic volatility model in Heston (1993) is given by:
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(
dYt

dVt

)
=

(
µ

κ(θ − Vt)

)
dt +

√
Vt

(
1 0

ρσv

√
(1− ρ2)σv

)
dWt (1)

where Yt is the logarithm of the stock price St, and Wt = (W1t, W2t)
′ is a vector

of independent standard Brownian motions. Fouque, Papanicolaou and Sircar

(2000) show that the price of a European call option can be written as:

Πt = Et

[
BS

(
Stξt,T , σ̄2

t,T

)]
(2)

where:

σ̄2
t,T =

(
1− ρ2

) ∫ T

t

Vτdτ

and:

ξt,T = exp

[∫ T

t

[
a (Vτ ) + ρ

√
Vτ

]
dW2τ

]
exp

[
−1

2

∫ T

t

{
a (Vτ ) + ρ

√
Vτ

}2

dτ

]
(3)

In other words, the price is given by the expectation of a BS-like option pricing

formula with Stξt,T instead of St. The scaling factor ξt,T is stochastic since it is a

function of Vt and contains both a volatility risk premium a (Vτ ) and a leverage

effect ρ
√

Vτ . Moreover, one can see that it is equal to 1 in expectation.

Garcia, Luger and Renault (2003) develop a formula for the valuation of op-

tions written on stocks in an intertemporal equilibrium model. They assume

that the logarithm of the consumption growth Xt = Log Ct

Ct−1
and of the dividend

growth Yt = Log Dt

Dt−1
follow stochastic processes where the mean, variance and

covariance coefficients are function of latent state variables U . They assume that

these state variables are exogenous and stationary and subsume all temporal links

between the variables of interest (Xt, Yt).With an additional normality assump-

tion on the probability distribution of the fundamentals X and Y conditional on

the state variables U :

(
Xt+1

Yt+1

)
|U t+1

t ∼ ℵ

[(
mXt+1

mY t+1

)
,

[
σ2

Xt+1 σXY t+1

σXY t+1 σ2
Y t+1

]]
,
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where the means and variance-covariance functions mXt+1, mY t+1, σ
2
Xt+1, σXY t+1

and σ2
Y t+1 are time-invariant and measurable functions with respect to U t+1

t , which

includes both Ut and Ut+1, .they obtain the following formula for the price of a

European call option:

πt = Et

{
StQXY (t, T )Φ(d1)−KB̃(t, T )Φ(d2)

}
, (4)

where:

d1 =
Log

[
StQXY (t,T )

KB̃(t,T )

]
(
∑T

τ=t+1 σ2
Y τ )

1/2
+

1

2
(

T∑
τ=t+1

σ2
Y τ )

1/2 and d2 = d1 − (
T∑

τ=t+1

σ2
Y τ )

1/2.

The terms QXY (t, T ) and B̃(t, T ) are stochastic factors which determine the

price of the stock and the time t price of a bond which delivers one unit of the good

at time T . They depend on the means and variance-covariance functions, them-

selves dependent on the latent variables, and on preference parameters.1 It should

be noticed that if QXY (t, T ) = 1 and B̃(t, T ) =
∏T−1

τ=t B(τ , τ +1), the option price

(4) is nothing but the conditional expectation of the Black-Scholes price,2 where

the expectation is computed with respect to the joint probability distribution of

the rolling-over interest rate rt,T = −
∑T−1

τ=t log B(τ , τ + 1) and the cumulated

volatility σt,T =
√∑T

τ=t+1 σ2
Y τ . This framework nests three well-known models.

First, the most basic ones, the Black and Scholes (1973) and Merton (1973) for-

mulas, when interest rates and volatility are deterministic. Second, the Hull and

1For their exact expressions and a proof of the formula, see Garcia, Luger and Renault (2003).
2We refer here to a BS option pricing formula where dividend flows arrive during the lifetime

of the option and are accounted for in the definition of the risk neutral probability, while the
option payoff does not include dividends. In other words, the BS option price is given by:

πBS
t = e−r(T−t)Et[Max(0, ST −K)] (5)

= e−δ(T−t)StΦ(d1)−Ke−r(T−t)Φ(d2), (6)

since in the risk neutral world:

Log
ST

St
 N ((r − δ)(T − t), σ2(T − t)), (7)

where δ is the intensity of the dividend flow.
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White (1987) stochastic volatility extension, since σ2
t,T = V ar

[
log ST

St
|UT

1

]
cor-

responds to the cumulated volatility
∫ T

t
σ2

udu in the Hull-White continuous-time

setting. Third, the formula allows for stochastic interest rates as in Turnbull and

Milne (1991) and Amin and Jarrow (1992). As in the case above, we have the

property that Et [QXY (t, T )] = 1 by the stock pricing formula.

In the next section we will develop an empirical methodology which assume

away the stochastic nature of the scaling factors or the volatilities as the practi-

tioners do when they extract implied volatilities based on the BS formula.

2.2 A Practitioner’s Approach

The generalized BS models just seen appear to be naturally amenable to an em-

pirical methodology where implied asset prices and implied volatilities are simul-

taneously extracted from option prices. Indeed, for a given maturity, we can

simultaneously define an implied price and volatility as:

πit = BS(S∗
it, Kit, σ

∗
it),

for any pair i = 1, 2 of strike prices Kit observed at time t. The variables S∗
it

correspond to the scaled stock prices illustrated in the previous section. Such an

empirical approach is justified by the following result.

Proposition. If K1 6= K2 then the mapping:(
S

σ

)
→

(
BSK1(s, σ)

BSK2(s, σ)

)

is locally invertible in a neighborhood of (S, σ) for any positive S and σ.

A proof is provided in the Appendix. Thus, when one considers at the same time

two option contracts written on the same asset with two different strike prices, the

two option prices, if conformable to the Black-Scholes model, allow one to extract

simultaneously an implied volatility parameter and an implied asset price as well.

We can therefore build a class of empirical methodologies as in Manaster and

Rendleman (1982) and Longstaff (1995), who invert the Black and Scholes model

to estimate both the implied asset prices and the implied volatilities by minimizing
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the sum of squared deviations between predicted and actual option prices. Those

approaches, however, appear too global to capture not only the well-documented

volatility smile but also the structure of option prices with respect to implied asset

prices.

The class of empirical methodologies that we propose consists of inverting the

usual Black-Scholes formula to find implied asset price and volatility functions.

Specifically, the methodologies are defined by

min
θ,γ

∑
i

(πit −BS (f(xit, τ i; θ)St, Kit, g(xit, τ i; γ)))2 , (8)

where the summation is over a given set of call options πit with strike prices Kit

written at time t on St, for a given maturity Ti, with τ i = Ti − t.The moneyness

of the option is measured by xit = log St

KitB(t,Ti)
. Therefore, the call option is in

the money if xit > 0, out of the money if xit < 0 and at the money if xit = 0.

Starting from the generalized BS models summarized in the previous section, we

specify a parametric form for the functions f(·) and g(·) in (8) in order to capture

the main features of these pricing models in a parsimonious and user-friendly

way. To introduce the characteristics imposed on these functions, we start with a

simpler case where the function f(.) is constrained to be identically equal to one.

This case is suggested by a Hull and White (1987) type of option pricing model

where the option price is simply viewed as:

πt = Ẽt[BS(St, K, σ̃). (9)

The expectation operator Ẽ is applied over some heterogeneity distribution of

the volatility parameter σ̃.3 If option prices obey (9), then Renault and Touzi

(1996) and Renault (1997) have shown that computed volatility smiles are U-

shaped, minimum at-the-money (whit the measure of moneyness just defined) and

symmetric, i.e. σ∗(xit) = σ∗(−xit). Therefore, the same level of implied volatility

will be obtained from two call options for which the strike prices have a geometric

mean equal to the forward stock price. With this theoretical justification in mind

3As discussed by Renault (1997), this heterogeneity distribution can be produced by several
types of jumps or stochastic volatility processes, insofar as leverage or volatility feedback effects
are excluded.
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we will refer to this case as the HW case. In this particular case, we will ignore any

implied underlying asset price and just compute an implied volatility function:

σ∗(x) = g(x, τ ; γ) (10)

To impose the U-shape just referred to, we choose a parametric specification of

the function g(x, τ ; γ) which obeys the following conditions:

g(x, τ ; γ) = g(−x, τ ; γ)

x
∂g

∂x
(x, τ ; γ) > 0 for x 6= 0

∂g

∂x
(x, τ ; γ) | x=0 = 0 (11)

Of course, it is by now well-known that observed volatility smiles are mostly

asymmetric. We argue that this asymmetry will come about by using a noncon-

stant function f to introduce an implied stock price instead of the observed stock

price when computing BS implied volatilities. Indeed, Renault (1997) has shown

by simulation that a little discrepancy between these two prices will produce sub-

stantial asymmetries. Moreover, the generalized BS models of the previous section

suggest that the discrepancy is produced by a Jensen effect, since the underlying

stock price is simply multiplied by a factor Q of expectation unity. Given these

considerations, the function f(.) will be all the more different from one that the

BS function is convex with respect to the underlying stock price. It is known

(see Hull, 2001) that the measure of this convexity, Γ = ∂2BS
∂S2 , is maximal at the

money and decreases towards zero further away from the money. Therefore, we

will choose a parametric specification of the function f which obeys the following

conditions:

f(x, τ ; γ) = f(−x, τ ; γ)

x
∂f

∂x
(x, τ ; γ) > 0 for x 6= 0

∂f

∂x
(x, τ ; γ) | x=0 = 0

lim
|x|=∞

f(x, τ ; γ) = 1 (12)
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We will therefore base our empirical procedure on the minimization program

(8) where the functions f and g will be given by:

f(xit, τ i; θ1, θ2) =
1

1− θ1 exp(−θ2|xit|)
, (13)

where θ1 ∈ [0, 1[ and θ2 ≥ 0, and

g(xit, τ i; γ1, γ2) = γ1 exp(γ2|xit|), (14)

where γ1, γ2 ≥ 0. Note that these parsimonious functions satisfy the sets of

conditions we just established.We do not account directly for a maturity effect.

In fact, the theoretical generalized BS models in the previous section suggest that

the importance of the two aforementioned effects (the presence of a volatility smile

and its asymmetry) decreases with time to maturity.4 We will investigate in the

empirical section if time to maturity should be introduced in the functions f and

g to capture these effects.

In our empirical procedure, which we will denote GBS in reference to its the-

oretical underpinnings described above, we will also consider the HW case afore-

mentioned where f(·) is restricted to be identically one to assess the part of the

performance which is due to the asymmetric correction through an implied price.

In both cases, the procedure will consist in estimating the set of parameters (θ1, θ2,

γ1, γ2) with all the options traded in one day and used these estimated functions

in the BS model to get an empirical pricing function for the next day. We consider

that the daily interest rate is observed and use exp(−rtτ i) for discounting.

3. Performance Comparisons

The practitioners’ Black-Scholes pricing procedure serves as the benchmark for

comparisons since it is mostly used in practice. This procedure is implemented by

first finding the volatilities implied by a given set of call options. Next, the im-

plied volatilities are regressed on a constant, moneyness, and moneyness squared.

4In the limit, as the time to maturity tends to infinity, the two effects will vanish. This
implied that the functions f and g should be such that f(x, τ ; γ) is a decreasing function of τ with
limτ=∞ f(x, τ ; γ) = 1 and | ∂g

∂x (x, τ ; γ)| is a decreasing function of τ with limτ=∞ | ∂g
∂x (x, τ ; γ)| = 0.

This can be achieved by dividing θ2 and γ2 by the time to maturity of the option.

11



Finally, the fitted values are used in the Black-Scholes model to get an empirical

pricing function.

To assess the performance of the empirical procedure described in the previous

section with respect to the benchmark we proceed first by simulation and then we

use actual data. The simulation exercise will be based on a jump-diffusion model

proposed by Bates (2000) and estimated by Pan (2002). This model will be

useful to understand the role played by the various risk premia in the price of the

option and the success achieved by our procedure in capturing the corresponding

asymmetries Pan (2002) argues that jump risk premia are essential to explain

the asymmetric nature of the volatility smile.

The data we will employ are daily S&P 500 index European style call options

from the Chicago Board Options Exchange covering the period January 1988 to

December 1996. The S&P 500 index option market is extremely liquid and it is

one of the most active option markets in the United States. In many respects,

this market is the closest to the theoretical setting of the Black-Scholes model.

For both our simulation and actual results, we will report the average absolute

pricing errors for three maturity categories (less than 60 days, between 60 and

180 days, and more than 180 days) and six moneyness categories defined by:

[1] : x ≤ −0.06, [2] : −0.06 < x ≤ −0.03, [3] : −0.03 < x ≤ 0, [4] : 0 < x ≤ 0.03,

[5] : 0.03 < x ≤ 0.06, and [6] : 0.06 < x. The moneyness categories are defined

from most “out-of-the-money” (x < 0) to most “in-the-money” (x > 0).

3.1 Pricing and hedging simulated options

Before comparing pricing and hedging performances with the actual data, we com-

pare the empirical methodologies on artificially created data sets. Following Pan

(2002), we adopt the Bates (2000) model to characterize stock return dynamics.

That model introduces three sources of uncertainty to the underlying price dy-

namics: (i) diffuse price shocks, (ii) diffuse volatility shocks, and (iii) price jumps.

Assuming a non-dividend-paying stock S, its return dynamics are described by

dSt =
[
rt − ηSVt + λVt(µ− µ∗)

]
Stdt +

√
VtStdW

(1)
t + dZt − µStλVtdt, (15)
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dVt = κv(v̄ − Vt)dt + σv

√
Vt

(
ρdW

(1)
t +

√
1− ρ2dW

(2)
t

)
, (16)

where:

• rt is the instantaneous spot interest rate;

• Vt is the diffusion component of return variance whose dynamics are de-

scribed in (16) by a one-factor square-root process with constant long-run

mean v̄, mean-reversion rate κv, and variance coefficient σv;

• W
(1)
t and W

(2)
t are each standard Brownian motion with Covt[dW

(1)
t , dW

(2)
t ] =

ρdt

• Zt is a Poisson counter with instantaneous state-dependent stochastic inten-

sity λVt such that Pr(dZt = 1) = λVtdt for some non-negative constant λ.

Jump sizes are lognormally, identically and independently distributed over

time, with mean relative jump size µ = exp(µJ + σ2
J/2)− 1.

• The stock return drift component depends on two risk-premium components:

ηSVt and λVt(µ−µ∗), which are associated with the premia for “Brownian”

return risks and jump risks, respectively (see Pan 2002, Section 2.2).

The autonomous stochastic spot interest-rate process is a single-factor square-

root model of the Cox, Ingersoll, and Ross (1985) type defined by

drt = κr(r̄ − rt)dt + σr

√
rtdW

(r)
t , (17)

where κr, r̄, and σr are respectively the mean-reversion rate, long-run mean, and

volatility coefficient.

With this setting, in which markets are incomplete, Pan (2002) derives a risk-

adjusted option pricing equation under a risk-neutral measure Q of the form:

Ct = EQ
t

[
exp

(∫ T

t

rudu

)
max(0, ST −K)

]
, (18)

and she provides a numerical integration method to compute the option price

under the risk-neutral dynamics of S and V .
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Pan (2002) argues that the risk-premium component contained in option prices

may have a significant role in reconciling the dynamics of the underlying asset price

implicit in the options market with those observed on the actual market of the

underlying asset. In particular, she finds that jump-risk premia are important

factors explaining volatility “smirks”. In order to examine the role of risk premia

on our empirical methodology, we consider four different versions of Pan’s model,

where different risk-premium structures: jump-risk premia (SVJ0), volatility-risk

premia (SV), no risk premia (SV0), and both jump and volatility risk premia

(SVJ), play a role in option pricing.

Using the estimated parameter values for each of these models reported by

Pan (2002, Tables 1 and 3), we simulated 1000 trading days as follows. First,

a moneyness and a maturity category were randomly selected according to the

empirical marginal probabilities of occurrence observed in the actual data. In the

actual daily data, we find that over a nine-year period on average each year nearly

55 per cent of call options have maturities less than 60 days, 35 per cent between

60 and 180 days, and 10 per cent more than 180 days. Over that period, the

average occurrence of moneyness each year is nearly symmetric around zero with

50 per cent falling in moneyness category [3] and [5], 30 per cent in [2] and [6],

and 20 percent in [1] and [7]. The actual moneyness xi and maturities τ j where

then drawn from uniform distributions over the selected moneyness and maturity

categories. Five moneyness and five maturity values were selected this way. Given

a stock price and a value of the spot interest rate, we then obtain 25 strike prices

from Ki,j = St exp(rtτ j−xi)), i, j = 1, ..., 5. The initial stock price was set at 100$

and the initial per annum interest rate at 5%. For a given set of parameter values

for the joint process (S, V, r) specified in (15)-(16) and (17), each of the resulting

25 options were priced à la Pan each simulated day. Whenever an option arrived

within a week of expiration, it was replaced by a newly created one following the

same procedure for moneyness and maturity selection.

Given these panels of simulated data, we rely on the previous day’s option

prices to back out the required parameter values and then use them as inputs to

compute the current day’s option prices based on the practitioners’ models. Next,

we subtract the model-determined price from its observed (simulated) counterpart

to compute the absolute pricing error. This procedure is repeated for the 25

call options traded over the thousand days in the simulation experiment. These
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steps are separately followed for Pan’s SVJ0, SV, SV0, and SVJ model as data

generating processes (DGP).

Table 1 reports the average absolute pricing errors for the various maturity

and moneyness categories [1]-[6]. First note that GBS always performs better

than BS for medium and long term options. As the maturity horizon gets longer

it appears that the performance of BS deteriorates dramatically relative to GBS,

especially in the presence of price jump risks. For short-term options, BS performs

uniformly better than GBS and HW when the only risk premium is that for

volatility shocks (model SV). Intuitively, the equilibrium and implied asset prices

coincide in this case such that any attempt to find a “corrected” price results

in overfitting. Interestingly though, when there are no risk premia at all (model

SV0) the GBS procedure yields smaller pricing errors relative to the BS procedure

for in-the-money options. It appears from Table 1 that GBS can offer important

pricing gains, especially when option prices contain a jump-risk premium.

We next consider hedging performance. We imagine a financial institution

that wishes to hedge a short position in a call option with T − t days to expiration

and strike price K. Let πt,T−t denote the time-t price of that option. At time

t, the financial institution makes up a portfolio by selling the call option and

simultaneously purchasing ∆t shares of the stock. The time-t residual cash for

the hedge Xt = πt,T−t −∆tSt is invested in an instantaneously maturing risk-free

bond. Suppose the portfolio is rebalanced every day. At time t + 1, the hedging

error is

εt+1 = ∆tSt+1 + Xt exp(rt)− πt+1,T−t−1.

Given the panels of simulated data, the hedging errors were obtained as follows.

First, the set of parameter values implied by all 25 call options on day t− 1 were

obtained. Then, on day t, the hedge described above is constructed using those

implied parameter values. For the ad hoc Black-Scholes procedure, the delta (the

derivative of the pricing function with respect to the stock price) is computed as

∆(St, σ) = Φ

(
xt + 1

2
σ2(T − t)

σ
√

T − t

)
, (19)
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where time t − 1 implied volatilities are used for σ. Hedge deltas based on the

generalized BS are computed as

∆
(
S̃t, g(xt); γ̂1, γ̂2)

)
f(xt; θ̂1, θ̂2),

where S̃t = f(xt; θ̂1, θ̂2)St and θ̂ and γ̂ are estimated at time t − 1. For the

particular case à la “Hull-White”, hedge deltas are computed as in (19) with the

original stock price St and corrected volatilities g(xt); γ̂1, γ̂2) in lieu of σ.

Finally, assuming that the hedge is liquidated the following day, we compute

the date t + 1 hedging error. These steps are repeated for each option and every

trading day in the sample thereby obtaining the absolute hedging errors reported

in Table 2.

Besides for short-term in-the-money options, where there are some small dif-

ferences between hedging based on GBS relative to BS, it appears from Table 2

that each model has roughly the same hedging performance. A plausible explana-

tion is that the magnitude of the error stays the same between three consecutive

days for all models and therefore eliminate itself.

3.2 Pricing and hedging actual options

Tables 4-6 report the absolute one-day-ahead pricing errors for the three empirical

pricing procedures GBS, HW, and BS, respectively, while the number of actual

S&P 500 index options priced is found in Table 3. These results are based on

the same procedure described above where only the previous day’s cross-section

of options is used to get parameter estimates.

As with the simulated data, we see that GBS offers important pricing gains

relative to BS. This is especially true as the maturity becomes longer. For many

of the longer term options, the BS mean absolute pricing errors are more than

double those of GBS. The bad performance of the practitioners’ BS procedure is

that the coefficients of the linear regression are good to fit the smile at a short

horizon, where most of the data are, but at a long horizon, where data are scarcer.

The properties imposed on our functions add constraints for the estimation and

help when the number of data points is small.

Even for short-term options, GBS outperforms BS albeit by a narrower margin.

16



The more into the money the option is (categories [4] to [6]), the greater are the

pricing gains from GBS relative to BS.

Except for some small differences for short-term near-the-money options, GBS

outperforms the HW specification. Comparing the overall pricing performance of

GBS with that of HW it becomes clear that using a “corrected” price offers gains

beyond what a “corrected” volatility smile can offer.

We have also investigated the performance of the three procedures when time

to maturity is specifically taken into account. We add time to maturity to the

regression for the practitioners’ BS model and we divide the parameters θ2 and

γ2 by the time to maturity of the option. The results we obtain are very similar

to the previous results.

Comparing the results in Tables 7-9, we see that the relative hedging per-

formances of the three empirical pricing procedures does not reveal as strong

differences as in the pricing performances. There appears to be some small gains

to be made from using GBS or HW over BS in terms of hedging in some cases.

However, as with the simulations, it is obvious that the most important gains to

be made from using the empirical methodologies proposed in this paper are not

so much in terms of hedging but rather in terms of pricing.

4. Conclusion

In this paper, we proposed a class of empirical methodologies that extend the usual

practice of using the Black-Scholes model with implied volatilities. By estimating

implied asset and volatility functions which satisfy some theoretically-rationalized

constraints, we found that significant dollar gains can be made compared to the

practitioners’ Black-Scholes model which uses only unconstrained implied volatil-

ities. While the new methods do not necessarily provide improvements in terms

of delta-hedging, the pricing gains from the new methods can be significant, es-

pecially when option prices contain a jump-risk premium component.

Finally, it should be emphasized that from a numerical point of view, the

methods proposed in this paper are as easy and quick as solving a non-linear least

squares problem. Any computer software which can minimize a quadratic form

can readily handle the methods proposed here.
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Appendix

Proof of Proposition

We have to show that the Jacobian matrix of the mapping of interest is non-

singular. But the gradient of the mapping: (S, σ) → BSK(S, σ) is the vector of

the coefficients delta and vega of the call, that is (see e.g. Hull (1993), pages 314

and 329):

[φ(dK), St

√
T − tϕ(dK)]

where ϕ(d) = φ′(d) is the density function of the standard normal and:

dK = log St

KB(t,T )
+ σ

√
T − t.

In other words, we have to show that for K1 6= K2, the two vectors:

[φ(dK1), St

√
T − tϕ(dK1)]

[φ(dK2), St

√
T − tϕ(dK2)]

are linearly independent, that is:

ϕ(dK1)

φ(dK1)
6= ϕ(dK2)

φ(dK2)
.

This is a direct consequence of the strict monotonicity of the Mills ratio:

x → f(x) =
ϕ(x)

φ(x)
.

Actually:

f ′(x) = − ϕ(x)

φ2(x)
[xφ(x) + ϕ(x)] < 0

since g(x) = xφ(x) + ϕ(x) > 0, given that: g′(x) = φ(x) > 0 and limx→−∞ g(x) =

0. QED.
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